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Xqlyhuvlw| ri Fdoliruqld/ Vdqwd Eduedud
Shwhu F1E1 SkloolsvW
Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv
\doh Xqlyhuvlw|
Wklv Yhuvlrq/ Mdqxdu| 4<<<
Iluvw Gudiw/ Qryhpehu 4<<:
Devwudfw
Wlph vhulhv gdwd duh riwhq zhoo prghoohg e| xvlqj wkh ghylfh ri dq dxwruh0
juhvvlyh urrw wkdw lv orfdo wr xqlw|1 Xqiruwxqdwho|/ wkh orfdol}lqj sdudphwhu +f,
lv qrw frqvlvwhqwo| hvwlpdeoh xvlqj h{lvwlqj wlph vhulhv hfrqrphwulf whfkqltxhv
dqg wkh odfn ri d frqvlvwhqw hvwlpdwru frpsolfdwhv lqihuhqfh1 Wklv sdshu ghyho0
rsv surfhgxuhv iru wkh hvwlpdwlrq ri d frpprq orfdol}lqj sdudphwhu xvlqj sdqho
gdwd1 Srrolqj lqirupdwlrq dfurvv lqglylgxdov lq d sdqho dlgv wkh lghqwlfdwlrq
dqg hvwlpdwlrq ri wkh orfdolvlqj sdudphwhu dqg ohdgv wr frqvlvwhqw hvwlpdwlrq
lq vlpsoh sdqho prghov1 Krzhyhu/ lq wkh lpsruwdqw fdvh ri prghov zlwk frq0
frplwdqw ghwhuplqlvwlf wuhqgv/ lw lv vkrzq wkdw srrohg sdqho hvwlpdwruv ri wkh
orfdolvlqj sdudphwhu duh dv|pswrwlfdoo| eldvhg1 Vrph whfkqltxhv duh ghyhorshg
wr ryhufrph wklv gl!fxow| dqg frqvlvwhqw hvwlpdwruv ri f lq wkh uhjlrq f ? 3 duh
ghyhorshg iru sdqho prghov zlwk ghwhuplqlvwlf dqg vwrfkdvwlf wuhqgv1 D olplw
glvwulexwlrq wkhru| lv dovr hvwdeolvkhg dqg whvw vwdwlvwlfv duh frqvwuxfwhg iru h{0
sorulqj lqwhuhvwlqj k|srwkhvhv/ olnh wkh htxlydohqfh ri orfdo wr xqlw| sdudphwhuv
dfurvv vxejurxsv ri wkh srsxodwlrq1 Wkh phwkrgv duh dssolhg wr wkh hpslulfdoo|
lpsruwdqw sureohp ri wkh h!flhqw h{wudfwlrq ri ghwhuplqlvwlf wuhqgv1 Wkh| duh
dovr vkrzq wr gholyhu frqvlvwhqw hvwlpdwhv ri glvwdqflqj sdudphwhuv lq qrqvwd0
wlrqdu| sdqho prghov zkhuh wkh lqlwldo frqglwlrqv duh lq wkh glvwdqw sdvw1 1
MHO Fodvvlfdwlrq= F55 ) F56
Nh|zrugv dqg Skudvhv= Eldv/ orfdo wr xqlw|/ Sdqho gdwd/ srrohg uhjuhvvlrq/ vxe0
jurxs whvwlqj1
WWkh dxwkruv wkdqn wkh Fr0Hglwru/ Euxfh Kdqvhq/ dqg irxu dqrq|prxv uhihuhhv iru frpphqwv rq
wkh hduolhu yhuvlrq ri wkh sdshu/ dqg Grqdog Dqguhzv iru khosixo glvfxvvlrqv1 Skloolsv wkdqnv wkh
QVI iru uhvhdufk vxssruw xqghu Judqw Qrv1 VEU <7055<55 ) VEU <:0635<8/ dqg Prrq judwhixoo|
dfnqrzohgjhv qdqfldo vxssruw iurp d F1D1 Dqghuvrq Sul}h Ihoorzvkls1 Wkh sdshu zdv w|shg e| wkh
dxwkruv lq Vflhqwlf Zrug 5181
4
4 Lqwurgxfwlrq
Wlph vhulhv prghov zlwk urrwv qhdu xqlw| duh h{wuhpho| frpprq lq hfrqrphwulf
dssolfdwlrqv dqg wklv ihdwxuh ri wkh gdwd lv riwhq prghoohg e| xvlqj wkh ghylfh ri dq
dxwruhjuhvvlyh urrw wkdw lv orfdo wr xqlw|/ vr wkdw wkh wlph vhulhv kdv wkh surshuw| ri
ehlqj qhdu0lqwhjudwhg1 Vxfk wlph vhulhv duh pruh jhqhudo wkdq lqwhjudwhg surfhvvhv
dqg wkh| doorz pruh  h{lelolw| lq wkh hfrqrphwulf prghoolqj ri qrqvwdwlrqdu| vhulhv1
Zkloh wkh orfdo wr xqlw| sdudphwhu fdqqrw eh frqvlvwhqwo| hvwlpdwhg xvlqj h{lvwlqj
wlph vhulhv phwkrgv4/ lw lv xvhixo lq pdq| glhuhqw hfrqrphwulf frqwh{wv1 D ihz
h{dpsohv duh= wkh dqdo|vlv ri srzhu surshuwlhv ri xqlw urrw whvwv +Skloolsv/ 4<;:d,> wkh
frqvwuxfwlrq ri frqghqfh lqwhuydov iru wkh orqj uxq dxwruhjuhvvlyh frh!flhqw +Vwrfn/
4<<4,> wkh ghyhorsphqw ri h!flhqw ghwuhqglqj phwkrgv +Skloolsv dqg Ohh/ 4<<9/ dqg
Fdqmhov dqg Zdwvrq/ 4<<:, > dqg wkh frqvwuxfwlrq ri srlqw rswlpdo lqyduldqw whvwv iru
d xqlw urrw +Hoolrw hw do> 4<<9, dqg frlqwhjudwlqj udqn +[ldr dqg Skloolsv/ 4<<:,1
Wklv sdshu ghyhorsv surfhgxuhv iru wkh hvwlpdwlrq ri wkh orfdo wr xqlw| sdudphwhu
lq sdqho gdwd prghov1 Zkhq wkhuh lv d frpprq wlph vhulhv orfdo wr xqlw| sdudphwhu
dfurvv lqghshqghqw lqglylgxdov lq d sdqho/ lw lv dssduhqw wkdw wkh furvv vhfwlrq gdwd
fduulhv dgglwlrqdo lqirupdwlrq wkdw fdq eh xvhg wr dvvlvw lq hvwlpdwlqj d frpprq
orfdol}lqj sdudphwhu +f,1 E| vlpsoh srrolqj ri wlph vhulhv hvwlpdwhv/ zh pljkw h{shfw
wkdw d frpprq orfdo wr xqlw| sdudphwhu frxog eh frqvlvwhqwo| hvwlpdwhg zlwk sdqho
gdwd wkdw frpelqhg lqghshqghqw revhuydwlrqv dfurvv lqglylgxdov1 Lq wkh fdvh zkhuh
wkh gdwd jhqhudwlqj surfhvv lqyroyhv rqo| d qhdu lqwhjudwhg vwrfkdvwlf wuhqg surfhvv/
zh vkrz wkdw d vlpsoh srrohg ohdvw0vtxduhv hvwlpdwru grhv surgxfh d frqvlvwhqw hvwl0
pdwru iru wkh orfdo wr xqlw| sdudphwhu1 Krzhyhu/ wkh vlpsoh gdwd0srrolqj khxulvwlf
grhv qrw krog lq vlwxdwlrqv zkhuh wkhuh duh erwk ghwhuplqlvwlf dqg qhdu0lqwhjudwhg
vwrfkdvwlf wuhqgv lq wkh prgho1 Lq vxfk fdvhv/ lw lv vkrzq wkdw wkh srrohg ohdvw0vtxduhv
hvwlpdwru ri wkh orfdol}lqj frh!flhqw f jhqhudwhv dq lqfrqvlvwhqf| wkdw ghshqgv xsrq
wkh wuxh xqnqrzq orfdol}lqj sdudphwhu1 Wr uhvroyh wklv sureohp/ zh ghyhors d frqvlv0
whqw hvwlpdwru iru f lq wkh lpsruwdqw fdvh zkhuh f ? 3= Dv|pswrwlf qrupdolw| ri wkhvh
frqvlvwhqw orfdo wr xqlw| sdudphwhu hvwlpdwruv lv hvwdeolvkhg dqg wkh olplw wkhru| lv
xvhg wr ghyhors dq lqihuhqwldo iudphzrun iru orfdo wr xqlw| prghoolqj lq sdqho gdwd1
Lq sduwlfxodu/ whvw vwdwlvwlfv duh frqvwuxfwhg iru h{sorulqj lqwhuhvwlqj k|srwkhvhv/ olnh
wkh htxlydohqfh ri wkh orfdo wr xqlw| sdudphwhu dfurvv vxejurxsv ri wkh srsxodwlrq1
Orfdo wr xqlw| sdudphwhu hvwlpdwlrq lv xvhixo lq pdq| hpslulfdo dssolfdwlrqv1 Zh
looxvwudwh wkh xvhixoqhvv ri sdqho hvwlpdwlrq ri wkh orfdol}lqj frh!flhqw zlwk dq dssol0
fdwlrq wr h!flhqw ghwhuplqlvwlf wuhqg h{wudfwlrq dqg wkh frqvwuxfwlrq ri frqghqfh
lqwhuydov iru prghov zlwk urrwv qhdu xqlw|1 Dffruglqj wr Skloolsv dqg Ohh +4<<9,/ zkhq
wkh uhjuhvvlrq huuruv duh qhdu lqwhjudwhg/ h!flhqf| jdlqv lq wkh hvwlpdwlrq ri ghwhu0
plqlvwlf wuhqgv fdq eh rewdlqhg e| txdvl0glhuhqflqj wkh gdwd1 Krzhyhu/ lq rughu wr
lpsohphqw wklv surfhgxuh lq sudfwlfh/ wkh orfdol}lqj sdudphwhu lq wkh qhdu lqwhjudwhg
huuru surfhvv pxvw eh nqrzq ru eh frqvlvwhqwo| hvwlpdeoh/ qhlwkhu ri zklfk qrupdoo|
4Vrph uhfhqw zrun e| Skloolsv/ Prrq dqg [ldr/ 4<<;/ ghyhorsv qhz eorfn orfdo wr xqlw| prghov lq
zklfk wkh dxwruhjuhvvlyh urrwv duh orfdo wr xqlw|/ exw qrw dv forvh wr xqlw| dv wkh| duh lq frqyhqwlrqdo
qhdu lqwhjudwhg prghov1 Lq wkhvh eorfn orfdo wr xqlw| prghov/ wkh dxwkruv vkrz wkdw lw lv srvvleoh wr
frqvlvwhqwo| hvwlpdwh wkh eorfn orfdolvlqj frh!flhqw1
5
dsso|1 Li lqfrqvlvwhqw hvwlpdwhv ri wkh orfdol}lqj sdudphwhu duh xvhg lqvwhdg/ wkhq
wkh uhvxowlqj wuhqg frh!flhqw hvwlpdwru kdv d kljko| qrqvwdqgdug olplw glvwulexwlrq/
zklfk jlyhv ulvh wr qhz gl!fxowlhv/ iru h{dpsoh/ lq vhwwlqj xs frqghqfh lqwhuydov iru
wkh wuhqg frh!flhqw1 Ehfdxvh ri wklv sureohp/ Fdydqdjk hw do +4<<8, dqg Fdqmhov
dqg Zdwvrq +4<<:, vxjjhvwhg wkh xvh ri Erqihuurql0w|sh frqghqfh lqwhuydov/ zklfk
duh riwhq yhu| frqvhuydwlyh1 Lq sdqho gdwd prghov/ rxu frqvlvwhqw hvwlpdwh ri wkh orfdo
wr xqlw| sdudphwhu fdq eh xvhg wr ryhufrph wkhvh gl!fxowlhv1 Lq idfw/ rxu ihdvleoh
h!flhqw hvwlpdwru edvhg rq frqvlvwhqw sdqho gdwd hvwlpdwhv ri wkh orfdo wr xqlw| sdud0
phwhu kdv d vwdqgdug olplw glvwulexwlrq dqg wklv olplw wkhru| ohdgv wr d frqyhqwlrqdo
irup ri frqghqfh lqwhuydo iru wkh wuhqg1
Dqrwkhu xvhixo dssolfdwlrq ri sdqho gdwd iru qrqvwdwlrqdu| wlph vhulhv olhv lq wkh
frqvlvwhqw hvwlpdwlrq ri wkh glvwdqflqj sdudphwhu wkdw dulvhv lq wkh irupxodwlrq ri
glvwdqw lqlwldo frqglwlrqv1 Wkh glvwdqflqj sdudphwhu/ zklfk lv h{suhvvhg dv d iudfwlrq
+qrw qhfhvvdulo| ohvv wkdq xqlw|, ri wkh ohqjwk ri wkh suhvhqw wlph vhulhv vdpsoh/
phdvxuhv krz idu lqwr wkh sdvw wkh lqlwldol}dwlrq h{whqgv lq whupv ri wkh vkrfnv wkdw
kdyh ghwhuplqhg lw1 Lw lv vkrzq wkdw frqvlvwhqw hvwlpdwlrq ri wklv sdudphwhu lv srvvleoh
zlwk sdqho gdwd zkhq wkhuh lv frpprq glvwdqflqj lq wkh lqwldol}dwlrq dfurvv wkh sdqho
dqg d frpprq orfdo wr xqlw| sdudphwhu lq wkh g|qdplfv1 Lq hhfw/ sdqho yduldwlrq
dfurvv lqglylgxdov hqdeohv xv wr ohduq vrphwklqj yhu| vshflf derxw wkh qdwxuh ri
suh0vdpsoh gdwd  krz idu lwv ruljlqv h{whqg/ lq uhodwlrq wr wkh klvwrulfdoo| revhuyhg
gdwd1
Lq rwkhu uhfhqw uhvhdufk +Skloolsv dqg Prrq/ 4<<<,/ wkh dxwkruv kdyh ghyhorshg
vrph uljrurxv dv|pswrwlf wkhru| iru pxowl0lqgh{ vlwxdwlrqv lq zklfk wzr lqglfhv pd|
sdvv wr lqqlw|1 Wklv jhqhudo wkhru| lv dssolhg wr rewdlq d qrqvwdwlrqdu| sdqho gdwd
olplw wkhru| zkhuh wkhuh duh odujh qxpehuv ri furvv vhfwlrq +q, dqg wlph vhulhv +W ,
revhuydwlrqv1 Wkh qhz olplw wkhru| doorzhg iru erwk vhtxhqwldo olplwv/ zkhuh W $ 4
dqg q $ 4 vhtxhqwldoo|/ dqg mrlqw olplwv zkhuh W>q $ 4 vlpxowdqhrxvo|1 Wkh
suhvhqw sdshu pdnhv xvh ri wkrvh phwkrgv lq wkh ghyhorsphqw ri wkh dv|pswrwlf
wkhru| khuh1 Dq lpsruwdqw olplwdwlrq lq wkh rshudwlrq ri wkh mrlqw dv|pswrwlfv zklfk
lv vrphwlphv qhhghg lq rxu ghyhorsphqw lv wkh udwh frqglwlrq ?A $ 3= Wklv frqglwlrq
phdqv wkdw wkh uhvxowv duh olnho| wr eh prvw uhohydqw lq sdqhov zkhuh W lv odujh dqg
q lv prghudwho| odujh +dv lv wkh fdvh lq vrph furvv frxqwu| pdfurhfrqrplf sdqhov,1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 od|v rxw wkh prgho dqg dvvxpswlrqv/
jlyhv vrph khxulvwlf glvfxvvlrq dqg vkrzv krz frqvlvwhqw hvwlpdwlrq ri wkh orfdol}lqj
sdudphwhu lv srvvleoh lq sdqho prghov zlwk qr ghwhuplqlvwlf frpsrqhqwv1 Vhfwlrq 6
vwxglhv wkh vdph sureohp lq prghov zlwk ghwhuplqlvwlf wuhqg frpsrqhqwv/ vkrzv wkh
lqfrqvlvwhqf| ri wkh srrohg ohdvw vtxduhv hvwlpdwru dqg ghyhorsv vhyhudo dowhuqdwlyh
dssurdfkhv wr ghdolqj zlwk wkh eldv sureohp1 D frqvlvwhqw hvwlpdwru lv jlyhq iru
wkh fdvh zkhuh wkh frpprq orfdol}lqj sdudphwhu vdwlvhv f ? 3= D olplw glvwulex0
wlrq wkhru| lv ghyhorshg dqg pdwwhuv ri lqihuhqfh duh glvfxvvhg1 Vhfwlrq 7 dssolhv
wkhvh phwkrgv wr whvwv derxw wkh orfdol}lqj frh!flhqw/ wr wkh hpslulfdoo| lpsruwdqw
sureohp ri wkh h!flhqw hvwlpdwlrq ri ghwhuplqlvwlf wuhqgv/ dqg wr hvwlpdwlrq ri wkh
glvwdqflqj sdudphwhu wkdw dulvhv lq wkh irupxodwlrq ri glvwdqw lqlwldo frqglwlrqv1 Vhf0
wlrq 8 frqfoxghv wkh sdshu1 Surriv/ whfkqlfdo ghulydwlrqv dqg d eulhi uhylhz ri vrph
6
grxeoh lqgh{ dv|pswrwlf wkhru| duh jlyhq lq wkh Dsshqglfhv lq Vhfwlrq 91
5 Prghov/ Dvvxpswlrqv/ dqg Khxulvwlfv
Zh vwduw e| dvvxplqj wkdw wkh wlph vhulhv surfhvv iru lqglylgxdo l> }c|> kdv d ghfrp0
srvlwlrq lqwr erwk ghwhuplqlvwlf dqg vwrfkdvwlf hohphqwv dv iroorzv=
}c| @ cf . 

j| . |c|> w @ 4> ===> W > l @ 4> ===> q> +4,




zkhuh j| @ +w> ===> wR, lv d ghwhuplqlvwlf sro|qrpldo wuhqg/  @ +c> ===> cR,/ dqg |c|
lv d qhdu lqwhjudwhg vwrfkdvwlf surfhvv1 Wkh lqlwldol}dwlrq lv dw w @ 3 zlwk udqgrp
yduldeohv |cf wkdw duh llg dfurvv l zlwk phdq }hur dqg qlwh yduldqfh 2cf iru doo l= Lq
wklv sdshu zh dvvxph wkdw wkh ghwhuplqlvwlf wuhqgv cf.

j| lq +4, duh khwhurjhqhrxv
dfurvv l15 Wkhvh khwhurjhqrxv wuhqgv uh hfw lqglylgxdo hhfwv lq wkh sdqho gdwd }c|=
Wkh sdudphwhu f lq wkh DU +4, frh!flhqw d lv wkh orfdo wr xqlw| sdudphwhu zklfk
lv dvvxphg khuh wr eh frpprq wr doo lqglylgxdov1 Rqh ri wkh dlpv ri wklv sdshu lv wr
qg d frqvlvwhqw hvwlpdwlrq surfhgxuh iru wkh sdudphwhu f= Wkh frpprq orfdol}lqj
sdudphwhu f fdq eh frqvlghuhg dv d frpprq olplw ri lqglylgxdoo| glhuhqw vhtxhqfhv
ri orfdo sdudphwhuv1 Wkdw lv/ zh pd| uhjdug wkh DU +4, huuru surfhvv frh!flhqw d dv
wkh olplw ri wkh vhtxhqfh ri frh!flhqwv dcA @ h{s ++f. fcA ,@W ,/ zkhuh fcA @W $ 3






ri dcA @ h{s ++f. fcA ,@W , = Lq vrph hpslulfdo dssolfdwlrqv/ lw pd| eh wrr uhvwulfwlyh
wr dvvxph d frpprq orfdol}lqj frh!flhqw lq wkh sdqho uhjuhvvlrq prgho +4, iru doo
lqglylgxdov1 Wkhuhiruh/ surfhgxuhv zklfk doorz iru vrph furvv vhfwlrqdo khwhurjhqhlw|
lq wkh orfdol}lqj sdudphwhu dqg surfhgxuhv iru whvwlqj furvv vhfwlrqdo khwhurjhqhlw|
lq orfdol}lqj frh!flhqwv zloo fhuwdlqo| eh ri lqwhuhvw lq hpslulfdo zrun1 Dv d sduwldo
vroxwlrq ri wkh odwwhu sureohp/ wklv sdshu ghyhorsv d whvwlqj surfhgxuh ghvljqhg wr
dvvhvv zkhwkhu wkh orfdol}lqj sdudphwhu lv wkh vdph dfurvv vxejurxsv ri lqglylgxdov
lq wkh vdpsoh1
Zlwk uhjdug wr wkh vshflfdwlrq ri wkh wuhqg frpsrqhqw lq +4,/ lw lv lpsruwdqw
wr qrwh wkdw lqglylgxdo lqwhufhsw whupv cf duh qrw frqvlvwhqwo| hvwlpdeoh zlwk wlph
vhulhv gdwd zkhq wkh vwrfkdvwlf frpsrqhqw |c| lv qhdu lqwhjudwhg/ gxh wr wkh orz vljqdo





 $ 3 dv w $ 4= Wkh RR+4, dvvxpswlrq iru wkh lqlwldo frqglwlrqv ri |c| lv
pdgh iru frqyhqlhqfh dqg frxog eh h{whqghg lq wkh xvxdo zd| wr doorz iru glvwdqw
lqlwldol}dwlrq +Xkolj/ 4<<7/ Skloolsv dqg Ohh/ 4<<9/ Fdqmhov dqg Zdwvrq/ 4<<:,/ dw wkh
frvw ri vrph dgglwlrqdo frpsoh{lw|1
Wr ghyhors vrph txlfn uhvxowv/ zh uvw frqvlghu wkh vlpsoh fdvh zkhuh wkh wuhqg
frh!flhqw yhfwruv  duh nqrzq +exw lqwhufhsw whupv cf duh xqnqrzq, dqg wkh huuru




dfurvv l dqg ryhu w= Wklv fryhuv wkh fdvh zkhuh wkhuh lv qr
5Uhfhqwo|/ Prrq dqg Skloolsv +4<<<e, vwxg| d sdqho prgho vxfk dv +4, zlwk krprjhqhrxv wuhqgv1
Wkh suhvhqw sdshu frqvlghuv rqo| wkh khwhurjhqhrxv wuhqgv prgho/ zkhuh wkhuh duh vshfldo frpsolfd0
wlrqv lq hvwlpdwlrq dqg lqihuhqfh/ dv zh zloo vkrz1 1
7
ghwhuplqlvwlf wuhqg lq +4, dqg  @ 3= Lq wklv fdvh/ wkh yduldeohv a}c| @ }c|  j| duh
revhuydeoh1 Lq wlph vhulhv uhjuhvvlrq/ wdnlqj lqwr dffrxqw wkh uhodwlrq d * 4 . SA > wkh











Wkhq/ dv W $ 4









































































Wkxv/ dv lv zhoo nqrzq/ f lv qrw d frqvlvwhqw hvwlpdwru iru f dqg kdv d qrq0ghjhqhudwh
olplw glvwulexwlrq1
Qrz vxssrvh wkdw sdqho gdwd iru |c| duh dydlodeoh1 Djdlq/ rqh ri wkh qdwxudo
zd|v wr hvwlpdwh wkh frpprq DU +4, frh!flhqw d lv wr srro wkh gdwd dqg uxq d















dqg/ djdlq/ lq ylhz ri +5, zh ghqh
af @ W +ad 4, = +7,
Wr wdnh d txlfn orrn dw wkh dv|pswrwlf ehkdylru ri ad +ru/ htxlydohqwo|/ af,/ zh frqvlghu
wkh vhtxhqwldo zhdn olplw ri W +ad d, e| ohwwlqj W $ 4 uvw/ iroorzhg e| q $ 4>
zklfk zh ghqrwh e| +W>q $ 4,re^ +vhh Skloolsv dqg Prrq/ 4<<</ dqg wkh uhpdun
ehorz,1 Qrz zh kdyh




























Dv W jrhv wr lqqlw| zkloh q lv {hg/ zh kdyh/ dv deryh/




























2SEo3rgvgu A 3= E| wkh




MSc+u,gZ+u, $R 31 Wkhuhiruh/ lq
vhtxhqwldo olplwv dv +W> q $ 4,re^> zh qg wkdw W +ad d, $R 3> dqg
af f @ W +ad d, . r +4, $R 3= +:,
Wkdw lv/ af lv d frqvlvwhqw hvwlpdwru iru wkh orfdo wr xqlw| sdudphwhu f lq vhtxhqwldo
olplwv dv +W>q $ 4,re^1
Uhpdunv
+d, Wkh dv|pswrwlf wkhru| deryh hpsor|v d vhtxhqwldo dssurdfk lq zklfk wkh lqgh{
W sdvvhv wr lqqlw| uvw dqg wkhq wkh lqgh{ q sdvvhv wr lqqlw| odwhu/ zklfk lv
ghqrwhg dv +W> q $ 4,vht1 Lq jhqhudo/ ghshqglqj rq krz wkh wzr lqglfhv/ q dqg
W> duh wuhdwhg/ lw lv srvvleoh wr kdyh ydulhw| ri olplw uhvxowv iru grxeoh lqgh{hg
udqgrp vhtxhqfhv1 Uhfhqwo|/ Skloolsv dqg Prrq +4<<<, kdyh vwxglhg wklv pdw0
whu dqg vxjjhvwhg ydulrxv olplw frqfhswv iru pxowl0lqgh{hg vhtxhqfhv/ fodvvli|lqj
wkh pdlq frqfhswv lqwr wkh iroorzlqj wkuhh fdvhv= d vhtxhqwldo dssurdfk/ d gldj0
rqdo sdwk dssurdfk/ dqg d mrlqw dssurdfk1 Wkh vhtxhqwldo dssurdfk sdvvhv wkh
lqglfhv wr lqqlw| vhtxhqwldoo|1 Lq wkh suhvhqw fdvh/ ghshqglqj rq zklfk lqgh{
whqgv wr lqqlw| uvw/ zh pd| kdyh wzr glhuhqw vhtxhqwldo olplwv dffruglqj dv
+W> q $ 4,vht ru +q> W $ 4,vht> zkhuh wkh rughu ri dsshdudqfh ri wkh lqgh{
lq wkh qrwdwlrq jlyhv wkh rughu ri wkh sdvvdjh wr lqqlw|11 Wkh gldjrqdo sdwk
dssurdfk doorzv wkh wzr lqglfhv/ q dqg W> wr sdvv wr lqqlw| dorqj d vshflf
gldjrqdo sdwk/ vd| +q>W +q,, > lq wkh wzr glphqvlrqdo duud|1 Wklv dssurdfk vlp0
solhv wkh dv|pswrwlf wkhru| e| uhsodflqj wkh grxeoh lqgh{hg surfhvv zlwk d
vlqjoh lqgh{hg surfhvv1 Wkh mrlqw dssurdfk doorzv erwk lqglfhv/ q dqg W> wr sdvv
wr lqqlw| vlpxowdqhrxvo| zlwkrxw sodflqj vshflf gldjrqdo sdwk uhvwulfwlrqv rq
wkh glyhujhqfh1 Rq wkh rwkhu kdqg/ wr rewdlq vrph mrlqw olplw uhvxowv/ zh riwhq
qhhg wr h{huflvh frqwuro ryhu wkh uhodwlyh udwh ri h{sdqvlrq ri wkh wzr lqglfhv1
Rqh vxfk uhtxluhphqw wkdw lv xvhg lq wkh suhvhqw sdshu lv ?A $ 3/ dqg lq vxfk
fdvhv wkhuh zloo eh d suhvxpswlrq wkdw W lv odujh uhodwlyh wr q lq wkh olplw1 Zkloh
wklv uhtxluhphqw lv qrw xquhdvrqdeoh iru vrph uhfhqw pdfurhfrqrplf sdqhov/ lw
lv pxfk ohvv uhohydqw lq wudglwlrqdo g|qdplf sdqhov zkhuh q lv riwhq yhu| odujh
dqg W lv txlwh vpdoo1 Lq vxfk fdvhv/ {hg W zlwk odujh q dv|pswrwlfv ru mrlqw
dv|pswrwlfv zlwk A? $ 3 zloo eh pruh uhohydqw1 Wkh suhvhqw sdshu irfxvhv
pdlqo| rq vhtxhqwldo dv|pswrwlfv zlwk +W> q $ 4,vht dqg mrlqw dv|pswrwlfv
xqghu ?A $ 3=
+e, Zh hpskdvl}h wkdw wkh glhuhqw dssurdfkhv pd| |lhog glhuhqw olplwv1 Dsrv0
wro +4<:7/ s 533, jlyhv h{dpsohv ri uhdo qxpehu vhtxhqfhv zlwk wklv surshuw|
9
dqg Skloolsv dqg Prrq +4<<;, jlyh h{dpsohv iru grxeoh vhtxhqfhv ri udqgrp
yduldeohv1 Lq wkh oljkw ri vxfk h{dpsohv/ lw lv qdwxudo wr dvn zkhwkhu wkhuh duh
fdvhv zkhuh wkh glhuhqw dssurdfkhv |lhog wkh vdph olplw1 Wkh uhfhqw sdshu e|
Skloolsv dqg Prrq +4<<<, surylghv d sduwldo dqvzhu wr wklv txhvwlrq/ irfxvlqj
rq wkh uhodwlrq ehwzhhq vhtxhqwldo olplwv dqg mrlqw olplwv1 Wkh Dsshqgl{ ri wkh
sdshu vxppdul}hv vrph lpsruwdqw ghwdlov derxw wkhvh uhodwlrqv1
+f, Dv wkh deryh dqdo|vlv lqglfdwhv/ vhtxhqwldo olplwv duh riwhq hdv| wr ghulyh1 Lq0
ghhg/ wkh| duh xvxdoo| pxfk hdvlhu wr ghulyh wkdq mrlqw olplwv1 Dv d ghylfh
iru rewdlqlqj txlfn dv|pswrwlf uhvxowv/ zh zloo surfhhg lq wklv sdshu zlwk
+W> q $ 4,re^ vhtxhqwldo olplwv/ dqg wkhq/ lq wkh dsshqgl{/ ghprqvwudwh wkh
uhvxowv xqghu wkh pruh jhqhudo hqylurqphqw ri mrlqw olplwv1 Wkhuh duh wzr pdlq
uhdvrqv iru ghdolqj zlwk +W> q $ 4,re^ olplwv lqvwhdg ri +q>W $ 4,re^ olplwv1
Wkh uvw lv vlpso| frqyhqlhqfh1 Lq pdq| ri wkh fdvhv lqyhvwljdwhg lq wklv sd0
shu/ ghulylqj +W> q $ 4,re^ olplwv lv uhodwlyho| vwudljkwiruzdug dqg lv hvshfldoo|
dgydqwdjhrxv zkhq wkh qrqvwdwlrqdu| wlph vhulhv |c| lq prgho +4, duh jhqhu0
dwhg iurp zhdno| ghshqghqw surfhvvhv vxfk dv wkrvh lq Dvvxpswlrq 41 Vhfrqg/
+W> q $ 4,re^ olplwv vhhp dssursuldwh iru vrph uhfhqw furvv frxqwu| pdfurhfr0
qrplf sdqhov olnh wkrvh ri wkh Shqq Zruog Wdeohv1 Odwhu lq wkh sdshu dqg dv
uhohydqw pdwwhuv dulvh/ vrph ixuwkhu glvfxvvlrq ri wkhvh lvvxhv zloo eh surylghg1





dqg +ll, wkh wuhqg frh!flhqw yhfwruv  duh nqrzq1 Zkhq wkh %c| duh
vhuldoo| ghshqghqw/ dv lq Dvvxpswlrq 4 ehorz/ wkh olplw ri W +ad d, lq +9, lqyroyhv d
eldv whup zklfk ghshqgv rq wkh rqh0vlgh orqj0uxq fryduldqfh ri %c|= Lq wklv fdvh/ zh
fdq fruuhfw wkh eldv hdvlo|/ iru h{dpsoh/ e| hvwlpdwlqj wkh rqh0vlgh orqj0uxq yduldqfh
qrqsdudphwlfdoo| dv lq Skloolsv +4<;:d,/ ru e| xvlqj sdudphwulf dxwruhjuhvvlrqv lq
zklfk wkh rughu ri wkh dxwruhjuhvvlrq h{sdqgv zlwk wkh vdpsoh vl}h/ dv lq Vdlg dqg
Glfnh| +4<;7,1
Zkhq wkh  duh xqnqrzq/ wkh sureohp ehfrphv pxfk pruh frpsolfdwhg1 Wkh
reylrxv srlqw ri ghsduwxuh lv wr uhpryh wkh ghwhuplqlvwlf wuhqgv e| suholplqdu| uh0
juhvvlrq dqg wkhq wr ghqh af @ W +ad 4,/ zkhuh wkh hvwlpdwru ad lv rewdlqhg e|





wuhqghg gdwd/ rewdlqhg dv uhjuhvvlrq uhvlgxdov ri }c| dqg }c|3 rq j|= Wkhq/ zh kdyh





















Wklv hvwlpdwru ri f lv d vlpsoh h{whqvlrq ri wkdw xvhg lq wkh fdvh zkhuh wkh wuhqgv
zhuh nqrzq1 Lqwhuhvwlqjo|/ krzhyhu/ af lv qrw frqvlvwhqw lq wklv fdvh1 Lqwxlwlyho|/ wkh
uhdvrq iru wkh lqfrqvlvwhqf| lv wkdw suholplqdu| ghwuhqglqj owhuv wkh vwrfkdvwlf wuhqg
|
c|3
dqg wkh owhuhg surfhvv lv fruuhodwhg zlwk wkh vwdwlrqdu| huuru surfhvv %c| lq
+4,1 Wkhvh pdwwhuv zloo eh h{soruhg lq wkh qh{w vhfwlrq1
:
Zh forvh wklv vhfwlrq zlwk wzr dvvxpswlrqv rq wkh huuru surfhvv %c|=
Dvvxpswlrq 4 %c| duh olqhdu surfhvvhv vdwlvi|lqj wkh iroorzlqj frqglwlrqv=
+d, %c| @ F+O,xc| @
S"
'fFcxc|3 =
+e, xc| duh llg dfurvv l dqg ryhu w zlwk Hxc| @ 3> Hx2c| @ 4> dqg Hx
e
c| @ e=




4 iru vrph e  4=
+g, vxs 
2
cf ? 4> zkhuh 2cf @ H+|2cf,=
Ohw F @ F+4,>  @ F2 > dqg  @
S"
'FcfFc =  dqg  duh wkh orqj0uxq
yduldqfh dqg wkh rqh0vlghg orqj0uxq fryduldqfh ri wkh huuru surfhvv %c|/ uhvshfwlyho|1
Wkh qh{w dvvxpswlrq lv derxw wkh olplwv ri wkh dyhudjhv ri wkh lqglylgxdo orqj0uxq
yduldqfhv dqg fryduldqfhv1
Dvvxpswlrq 5 +d,  @ olp? ?
S?
' lv qlwh1












Uhpdun Ohw 0 @ H%
2





dqg 0 @  5=
6 Hvwlpdwlrq ri wkh Orfdol}lqj Frh!flhqw lq Sdqho Prg0
hov zlwk Ghwhuplqlvwlf Wuhqgv
Iluvw/ uhzulwh wkh sdqho prgho +4, lq dxjphqwhg uhjuhvvlrq irupdw dv
}c| @ d}c|3 . cf . 

j| . %c|> +;,
zkhuh cf @ cf +4 d, > wkh ghwhuplqlvwlf wuhqg frpsrqhqw j| lv frqvwuxfwhg dv
j| @ 

+j|  dj|3, @ DA +f, j|>
dqg DA +f, lv d s s pdwul{ zklfk ghshqgv xsrq f dqg W=
Dv lv zhoo nqrz/ wkh irupxodwlrq +;, kdv wkh gudzedfn wkdw wkh uhjuhvvlrq ohdgv
wr lqh!flhqw wuhqg holplqdwlrq/ exw lw kdv wkh dgydqwdjh wkdw wkh ghwuhqghg gdwd lv
lqyduldqw wr wkh wuhqg sdudphwhuv lq +4, = Lw zloo eh frqyhqlhqw iru xv wr zrun zlwk
erwk irupxodwlrqv +4, dqg +;, > ghshqglqj rq wkh frqwh{w1
614 Lwhudwlyh ROV= Eldvhg Hvwlpdwlrq











3> ===> W3R,> GA @ gldj +4>GA , >
;
dqg ghqh





































Zkhq w @ ^Wu` dqg v @ ^Ws`> lw lv hdv| wr vhh wkdw dv W $ 4>
GA j| $ j+u, xqlirupo| lq u 5 ^3> 4`>
dqg





ghqrwh wkh ROV ghwuhqghg surfhvvhv ri }c|3 dqg }c|> uh0
vshfwlyho|/ l=h=> iru w  56
}
c|3





































@ }cf @ |
cf
@ |cf=
Lw lv zhoo nqrzq wkdw xqghu Dvvxpswlrq 4/ dv W $ 4>
4s
W
|cdAoo , FMSc +u, +43,
6Vxssrvh wkdw ~ ' E5cc c 5cA 
 c ~3c ' E5cfc c 5cA3
 c dqg C ' E}c c }A 




duh wkh || hohphqwv ri 'C~3c dqg 'C E~ 3 ~3c c uhvshfwlyho|/ zkhuh 'C ' UA 3
C ECC
3
C dqg | D 2
<
+Skloolsv/ 4<;:e,1 Xvlqj vwdqgdug pdqlsxodwlrqv/ lw lv qrw gl!fxow wr vkrz wkdw zkhq

















Zh qrz glvfxvv dq hvwlpdwlrq surfhgxuh iru wkh orfdo wr xqlw| sdudphwhu zlwk
sdqho gdwd zkhq wkh wuhqg frh!flhqwv  duh xqnqrzq1 Vxssrvh wkdw a duh frqvlvwhqw
hvwlpdwruv iru  dv W $ 4= Frqvlghu d vlpsoh hvwlpdwru/ afn> ghqhg dv d vhuldo


























adn  4 =
Wkh hvwlpdwru adn lv d eldvfruuhfwhg7 srrohg ohdvw0vtxduhv hvwlpdwru zlwk ROV gh0
wuhqghg gdwd1 Zh ghqh afn iurp adn lq ylhz ri wkh uhodwlrq d * 4 . SA = Khuhdiwhu/ zh
fdoo afn dq lwhudwlyh ROV hvwlpdwru1
Lq ylhz ri +44, zh kdyh































dqg/ iurp wkh olplw wkhru| lq Skloolsv +4<;:e,/ dv W $ 4 iru {hg q>


























































































@ $2+f,> vd|1 +48,









































Wkxv/ lq vhtxhqwldo olplwv dv +W>q $ 4,re^ >










Khqfh/ wkh lwhudwlyh ROV hvwlpdwru afn lv lqfrqvlvwhqw dqg kdv dq dv|pswrwlf eldv
jlyhq e| wkh udwlr /2ES/ES zklfk ghshqgv rq wkh xqnqrzq sdudphwhu f= Wkh pdlq uhdvrq
iru wkh lqfrqvlvwhqf| ri afn lv wkdw wkh ghwuhqglqj surfhgxuh surgxfhv d fruuhodwlrq eh0
wzhhq wkh odjjhg owhuhg uhjuhvvru }
c|3
dqg wkh htxdwlrq huuru %
c|
= Wklv fruuhodwlrq







lq wkh qxphudwru ri W +adn  d,1
Ghqh




Vlqfh $2+f, lv qrq }hur lq jhqhudo/ afn lv qrw frqvlvwhqw1 Krzhyhu/ vlqfh wkh suredelolw|
olplw ri afn> I +f,/ ghshqgv rqo| rq f> zh fdq h{shfw wkh olplw ixqfwlrq I +f, wr jlyh
vrph lqirupdwlrq derxw wkh wuxh sdudphwhu f hvshfldoo| lq uhjlrqv zkhuh I +f, lv
d prqrwrqh ixqfwlrq1 Wkh judsk ri I +f, lv sorwwhg iru wkh wzr fdvhv j| @ 4 dqg






















Iljxuh 51 Judsk ri I +f, zkhq j| @ +4> w,
 =
Zkhq j| @ +4> w,
 > wkdw lv/ zkhq zh ghwuhqg wkh gdwd wr hvwlpdwh f> lw lv dssduhqw
iurp Iljxuh 5 wkdw lq wkh uhjlrq if = 3=;  f  4=5j wkh olplw ixqfwlrq ri wkh hvwlpdwh
afn grhv qrw lghqwli| wkh wuxh sdudphwhu/ ehfdxvh I +f, lv qrw d rqh0wr0rqh ixqfwlrq
lq wkh uhjlrq1 Rxwvlgh ri wklv uhjlrq wkh suredelolw| olplw ri wkh hvwlpdwh afn grhv
lghqwli| wkh wuxh ydoxh ri wkh orfdo wr xqlw| sdudphwhu f dqg fdq eh xvhg wr frqvwuxfw d
frqvlvwhqw hvwlpdwh ri f= Ixuwkhupruh/ li zh dvvxph wkdw wkh wuxh orfdol}lqj sdudphwhu
lv qrq0srvlwlyh / l=h= wkh wuxh orfdol}lqj sdudphwhu vhw lv if = f  3j > wkhq zh fdq
lghqwli| wkh orfdo wr xqlw| sdudphwhu f iru doo f  3 xvlqj afn+dqg lwv suredelolw|
olplw, ehfdxvh wkh suredelolw| olplw ixqfwlrq I +f, lv prqrwrqlf zlwk uhvshfw wr f rq
if = f  3j > wkh wuxh orfdol}lqj sdudphwhu vhw1 Lq wklv fdvh +l=h= xqghu wkh dvvxpswlrq
wkdw f  3,/ wkhuh lv qr xqlghqwldeoh uhjlrq dqg I3 +afn, lv d frqvlvwhqw hvwlpdwru
ri f=
Dq dqdo|wlf irup ri wkh lqyhuvh ixqfwlrq I3 +f, ri wkh suredelolw| olplw ixqfwlrq
I +f, lv qrw uhdglo| dydlodeoh1 Exw wkh ixqfwlrq lv hdv| wr fdofxodwh qxphulfdoo| dqg lv
jlyhq lq Wdeoh 4 iru wkh fdvh j| @ +4> w,:= Zh vxppdul}h wkh uhvxowv lq wkh iroorzlqj
wzr wkhruhpv1
Wkhruhp 4 Ohw I +f, @ f./2ES/ES = Xqghu Dvvxpswlrqv 4 0 7/ af
n $R I +f, lq vhtxhqwldo
olplwv dv +W> q $ 4,re^ =

















> Y +f, lv ghqhg lq Dsshqgl{ D>
dqg  lv ghqhg lq Dvvxpswlrq 5+f,1
9 Lq wklv fdvh/ wkh wuhqg frh!flhqwv q duh }hurv/ dqg vr zh fdq hvwlpdwh S frqvlvwhqwo| dv zh kdyh
vkrzq lq wkh suhylrxv vhfwlrq1 Krzhyhu/ lw lv frpprq lq hpslulfdo sudfwlfh wr xvh ghphdqhg gdwd/
dqg xvh ri wklv hvwlpdwru uhvxowv lq eldv dv lv dssduhqw iurp wkh suredelolw| olplw 8 ES 
:Zh frqvlghu rqo| wkh olqhdu wuhqg fdvh ehfdxvh lw lv wkh prvw zlgho| xvhg vshflfdwlrq lq hpslulfdo
dssolfdwlrq1
45
Wkh yduldqfh Y	Sn+f, lv d frpsolfdwhg ixqfwlrq ri wkh xqnqrzq sdudphwhu f exw/
djdlq/ fdq eh fdofxodwhg qxphulfdoo| dv vkrzq lq Wdeoh 5 iru j| @ +4> w,
1
Uhpdunv
+d, Wkh wzr uhvxowv duh vwdwhg khuh lq whupv ri +W> q $ 4,re^ vhtxhqwldo olplwv iru
wkh lqglfhv W dqg q= Dsshqglfhv F dqg G vkrz wkdw wkhvh uhvxowv frqwlqxh wr
krog zkhq mrlqw olplwv +W>q $ 4, duh wdnhq1 Lq idfw/ dffruglqj wr wkh uhvxowv
jlyhq wkhuh/ mrlqw dv|pswrwlf qrupdolw| ri
s
q +afn  I +f,, frqwlqxhv wr krog
xqghu wkh dgglwlrqdo udwh uhvwulfwlrq ?A $ 3 dv +q> W $ 4, > zkloh mrlqw frqyhu0
jhqfh lq suredelolw|/ afn $R I +f, dv +q> W $ 4, > krogv zlwkrxw wkh dgglwlrqdo
udwh uhvwulfwlrq1
+e, Wkh lqwxlwlrq ehklqg wkh uhtxluhphqw ?A $ 3 iru mrlqw dv|pswrwlf qrupdolw| ri af
lv vlpsoh1 Xqghu wkh dvvxpswlrqv lq wkh wkhruhp/ zh xvxdoo| kdyh H +af, 9@ I +f,
iru {hg W> exw H +af, $ I +f, dv W $ 4= Lq wklv fdvh/ wkh uhvwulfwlrq ?A $ 3
zrunv wr suhyhqw dq h{sorvlyh eldv lq
s
q +afn  I +f,, =
+f, Zkhq H +af, 9@ I +f, iru {hg W> zklfk lv wkh fdvh xqghu wkh dvvxpswlrqv ri wklv
sdshu/ d olplw wkhru| edvhg rq q $ 4 zlwk W {hg hqfrxqwhuv vrph dgglwlrqdo
gl!fxowlhv1 Lq wkh fdvh ri wkh suredelolw| olplw ri afn/ zkhq q $ 4 zlwk W {hg/
zh rewdlq d glhuhqw olplw iurp I +f, dqg rqh wkdw ghshqgv rq W 1 Dgglwlrqdoo|/
dv idu dv wkh olplw glvwulexwlrq ri afn lv frqfhuqhg/ fhqwudo olplw wkhru| dv q $ 4
zlwk W {hg fdqqrw eh dssolhg wr
s
q +afn  I +f,, > exw udwkhu wr wkh uhfhqwhuhg
hvwlpdwru
s
q +afn H +afn,, > zklfk lv qrw dv xvhixo ehfdxvh H +afn, ghshqgv rq
dgglwlrqdo xqnqrzq sdudphwhuv1
Frqvlvwhqw hvwlpdwruv a dqg a iru wkh lqglylgxdo orqj0uxq yduldqfhv  dqg 
fdq eh rewdlqhg e| hpsor|lqj vwdqgdug nhuqho hvwlpdwhv1 Wkhvh hvwlpdwhv fdq wkhq
eh dyhudjhg wr surgxfh frqvlvwhqw hvwlpdwhv ri wkh txdqwlwlhv >  dqg = Pruh

























iurp wklv uhjuhvvlrq1 Ghqh wkh vdpsoh
fryduldqfhv a+m, @ A
S
a%c|a%c|n > zkhuh wkh vxppdwlrq lv ghqhg ryhu 4  w> w. m 


























@ 3 iru mmm  N= Dyhudjlqj ryhu furvv vhfwlrq revhuydwlrqv qrz
ohdgv wr frqvlvwhqw hvwlpdwruv ri >  dqg = Wkh iroorzlqj dvvxpswlrqv frqfhuq wkh
fodvv ri dgplvvleoh nhuqhov dqg wkh fkrlfh ri wkh edqgzlgwk wr eh hpsor|hg lq wkh
nhuqho hvwlpdwhv +4<, dqg +53,1 Wkhvh dvvxpswlrqv duh xvhg lq rxu mrlqw frqyhujhqfh
dujxphqwv lq wkh Dsshqglfhv/ zkhuh lw lv vkrzq wkdw ?
S?
'
a $R  dv +W>q, $ 4=
Iru vhtxhqwldo olplwv/ lw lv srvvleoh wr xvh zhdnhu frqglwlrqv1
Dvvxpswlrq 6 +Nhuqho Frqglwlrq, Wkh nhuqho ixqfwlrq z+, = U $ ^4> 4` vdwlvhv
wkh iroorzlqj=
+d, z+3, @ 4> z+{, @ z+{,> U 3z+{,2g{ ? 4> dqg z+, lv frqwlqxrxv dw }hur
dqg doo exw d qlwh qxpehu ri rwkhu srlqwv1
+e, z+{, @ 3/ m{m  4=
+f, z^ @ olp%<f
3E%
%^ lv qlwh iru vrph t 5 +2 >4,=
Dvvxpswlrq 7 +Edqgzlgwk Frqglwlrq, Zh dvvxph wkdw/ dv W $ 4> wkh edqgzlgwk
sdudphwhu vdwlvhv N $ 4> g2A $ 3> dqg g
2^n
A $  A 3 iru vrph 2 ? t  e iru
zklfk z^ lv qlwh/ zkhuh e lv jlyhq lq frqglwlrq +f, lq Dvvxpswlrq 41
Wkh Sdu}hq h{srqhqw t lq Dvvxpswlrq 6 lv uhodwhg wr wkh vprrwkqhvv ri wkh nhuqho
dw }hur1 Wkh prvw iuhtxhqwo| xvhg nhuqhov lq dssolfdwlrqv vdwlvi| wklv dvvxpswlrq 0
vhh/ iru h{dpsoh/ Dqguhzv +4<<4, iru ghwdlov1
Uhpdun Wkh lwhudwhg ROV hvwlpdwru glvfxvvhg deryh lv d srrohg ohdvw0vtxduhv hvwl0
pdwru edvhg rq ROV ghwuhqghg gdwd1 Qdwxudoo|/ wkhuh duh pdq| srrohg ohdvw0vtxduhv
hvwlpdwruv edvhg rq gdwd wkdw kdyh ehhq ghwuhqghg lq glhuhqw zd|v1 Rqh surfhgxuh
wkdw lv xvhg zlgho| lq dssolfdwlrqv lv wr xvh uvw glhuhqfhg gdwd1 Wklv ghwuhqglqj
surfhgxuh kdv gl!fxowlhv vlplodu wr wkrvh ri lwhudwhg ROV1 Wr eh vshflf/ dvvxph d
vlpsoh olqhdu wuhqg lq wkh sdqho prgho +4, > vr wkdw
}c| @ w. |c| +54,





Wkh glhuhqfh ghwuhqghg gdwd lv wkhq vlpso|
}
3c|






































= Lq wklv fdvh/ dsso|lqj vlplodu dujxphqwv wr
wkrvh xvhg hduolhu lq wklv vhfwlrq/ zh qg
fn $R 45$ +f, > +55,
47







h2oS  4 5u  2S 4 h32So hSEno. u2 2S h2S  4gu=AIurp
wklv rxwfrph/ lw lv dssduhqw wkdw wkh suredelolw| olplw ri fn> 32/ES > lv glhuhqw iurp
f lq jhqhudo/ dqg wkhuhiruh/ wkh hvwlpdwru fn> olnh afn> lv qrw frqvlvwhqw1 + Pruh ghwdlov
rq wklv hvwlpdwlrq surfhgxuh duh jlyhq lq wkh suhylrxv yhuvlrq ri wklv sdshu/ Prrq
dqg Skloolsv/ 4<<<d,1
615 Grxeoh Eldv Fruuhfwhg Hvwlpdwlrq
Wklv vhfwlrq h{soruhv d qhz hvwlpdwlrq surfhgxuh zklfk fruuhfwv iru wzr vrxufhv ri
eldv/ rqh iurp vhuldo fruuhodwlrq dqg wkh rwkhu iurp ghwuhqglqj1 Dv revhuyhg lq wkh
suhylrxv vhfwlrq/ wkh lwhudwlyh ROV hvwlpdwru kdv dq dv|pswrwlf eldv zklfk ghshqgv
rqo| rq wkh xqnqrzq orfdol}lqj sdudphwhu f= Wkh lghd ehklqg wkh phwkrg zh qrz
lqyhvwljdwh lv wr lqwurgxfh d prglfdwlrq wkdw dgmxvwv iru wkh eldv wkdw dulvhv iurp wkh
fruuhodwlrq ri wkh owhuhg gdwd dqg wkh uhjuhvvlrq huuru1 Lq sduwlfxodu/ xvlqj d olqhdu
uhsuhvhqwdwlrq ri wkh h{srqhqwldo whup wkdw dsshduv lq +4:,/ zh fdq dssur{lpdwh wkh
dv|pswrwlf eldv> $2 +f, > ri wkh qxphudwru ri afn  f dv iroorzv














kA +w> v, =
Vlqfh e$2 +f, lv olqhdu lq f lw lv srvvleoh wr xwlol}h wklv lqirupdwlrq wr dgmxvw wkh hvwlpdwru



























































































































. rR +4, =+56,










































































Wkh lqfoxvlrq ri a lq wkh irupxodwlrq ri afnn dffrxqwv iru wkh xvxdo vhuldo fruuhod0












r'+w v,kA +w> v,

fruuhfwv iru wkh eldv
iurp wkh xvh ri ghwuhqghg gdwd1


















































4 . |A  rA



















Wr ghulyh d suredelolw| olplw ri afnn xqghu vhtxhqwldo olplwv/ zh uvw ohw W $ 4 iru
{hg q= Wkhq/ e| wkh frqwlqxrxv pdsslqj wkhruhp dqg furvv0vhfwlrq lqghshqghqfh/
zh kdyh

























































+u  v,k+u> v,gvgu @ $+f,> vd|/
zkhuh $+f, @ 32S

4 . 2S+4 h2S,







+u,gu kdv qlwh vhfrqg prphqwv1 Dovr/ lw lv dvvxphg wkdw vxs mFm @
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+u  v,k+u> v,gvgu
$
$R $ +f, = +59,
Iru wkh wlph ehlqj/ dvvxph wkdw $ +f, 9@ 3 dw wkh wuxh ydoxh ri f1












hEo3rSk+u> v,gvgu @ 3=
Vlqfh olp? ?
S?




' @ > dqg xvlqj wkh zhdn odz djdlq/ dv


















Frpelqlqj +59, dqg +5:, > dqg surylghg $+f, 9@ 3> zh wkhq kdyh xqghu vhtxhqwldo
olplwv dv +W>q $ 4,re^
afnn $R f= +5;,
Lq vxppdu|/ zh kdyh wkh iroorzlqj uhvxow iru wkh frqvlvwhqf| ri afnn xqghu vhtxhqwldo
olplwv1 Dsshqgl{ E h{whqgv wklv uhvxow wr jlyh frqvlvwhqf| ri afnn xqghu mrlqw olplwv1
Wkhruhp 6 Xqghu Dvvxpswlrqv 4 dqg 5/ li $+f, 9@ 3> wkhq dv +W> q $ 4,re^ >
afnn $R f=
Uhpdunv
+d, Wkh frqvlvwhqf| ri afnn lq wkh deryh wkhruhp krogv rqo| iru ydoxhv ri f vxfk wkdw
$+f, 9@ 3= Lq jhqhudo/ $+f, lv txlwh d frpsolfdwhg ixqfwlrq ri f dqg lv ghshqghqw
rq wkh h{solflw irup ri wkh ghwhuplqlvwlf wuhqgv lq wkh prgho1 Frqvhtxhqwo|/
lw lv kdug wr qg dqdo|wlfdoo| wkh vhw ri f vxfk wkdw $+f, @ 3= Iljxuhv +6, dqg
+7, sorw wkh judskv ri $+f, iru wkh prvw frpprqo| xvhg wuhqgv j| @ 4 dqg














Iljxuh 71 Judsk ri $+f, zkhq j| @ +4> w,

4:
+e, Wkhvh judskv vkrz wkuhh lpsruwdqw ihdwxuhv ri $ +f,1 Iluvw/ zh vhh wkdw $+f, 9@ 3
zkhq f ? 3> vhfrqg/ $+f, @ 3 zkhq f @ 3> dqg/ wklug/ wkhuh lv dqrwkhu srlqw ri
f iru zklfk $+f, @ 3 lq wkh uhjlrq f A 3 zkhq j| @ +4> w,
 =
+f, Xqiruwxqdwho|/ dw f @ 3> $+f, lv dozd|v }hur uhjdugohvv ri wkh irup ri wkh gh0
whuplqlvwlf wuhqgv dvvxphg lq wkh prgho1 Wklv fdq eh yhulhg e| wkh iroorzlqj


























































zkhuh wkh odvw olqh krogv iru wkh iroorzlqj uhdvrq1 Ohw O2^3> 4` eh d vsdfh ri
vtxduh lqwhjudeoh ixqfwlrqv rq ^3> 4`zlwk lqqhu surgxfw? i> j A@
U 
f i+u,j+u,gu=
Ohw T ghqrwh d vsdfh ri sro|qrpldo ixqfwlrqv ri ghjuhh s rq ^3> 4` jhqhudwhg
e| i4> u> ===> uRj = Ohw j +u, @ +4> u> ===uR, = Wkhq/ wkh rshudwru S iurp O2^3> 4`








Khqfh/ zkhq i+u, @ u> S+i+u,, @ i+u, @ u dqg vr zh kdyh U f uk+u> v,gu @ v=
+g, Dv Iljxuhv +6, dqg +7, vkrz/ hyhq wkrxjk $ +f, 9@ 3 iru f ? 3> $ +f, lv yhu| forvh
wr }hur durxqg f @ 3= Ehfdxvh ri wklv/ zh fdq h{shfw wkdw wkh hvwlpdwru afnn
pd| shuirup srruo| iru f  3=
Qh{w zh ghulyh wkh olplw glvwulexwlrq ri afnn xvlqj vhtxhqwldo olplw dujxphqwv1


































































































































































































































 @ > lw iroorzv e| wkh Olqghehuj Ohy| fhqwudo

















, Q +3>Y	Snn +f,, =
Frpelqlqj wklv zlwk wkh suredelolw| olplw iru wkh ghqrplqdwru ri +5<, > $ +f, > zh
kdyh hvwdeolvkhg wkh iroorzlqj wkhruhp xqghu vhtxhqwldo olplw dujxphqwv1 Wkh vdph
olplw wkhru| lv rewdlqhg lq wkh Dsshqgl{ xqghu mrlqw olplw dujxphqwv1








zkhuh Y	Snn +f, dqg $ +f, duh ghqhg lq +63, dqg +59, > uhvshfwlyho|1
;Vhh 22 ES lq Dshqgl{ D1
4<
Uhpdunv




> ;  f  ;> zkhuh
j| @ +4> w,
 = Zkhq f lv forvh wr 3 ru 4=6> $ +f,  3 +vhh Iljxuh 7,/ dqg vru
T	SnnES
/ES2
wdnhv kljk ydoxhv durxqg f @ 3 dqg f @ 4=6=
+e, Dsshqglfhv F dqg G hvwdeolvk mrlqw frqvlvwhqf| dv lq +5;, iru +q>W $ 4, +vhh
Wkhruhp 46, dqg mrlqw dv|pswrwlf qrupdolw| dv lq +64, iru +q>W $ 4, zlwk
?
A $ 4 +vhh Wkhruhp 47,1
Uhpdun Wkh dv|pswrwlf eldv lq lwhudwlyh ROV hvwlpdwlrq dulvhv ehfdxvh ri wkh fruuh0
odwlrq ehwzhhq wkh ghwuhqghg uhjuhvvruv dqg wkh uhjuhvvlrq huuruv1 Wkh xvxdo hfrqr0
phwulf dssurdfk wr wkh frqvlvwhqw hvwlpdwlrq ri uhjuhvvlrq frh!flhqwv zkhq wkhuh
lv fruuhodwlrq ehwzhhq wkh uhjuhvvruv dqg wkh huuruv lv lqvwuxphqwdo yduldeohv1 Lq
wkh suhvhqw fdvh/ dq lqvwuxphqwdo yduldeoh surfhgxuh lv srvvleoh lq zklfk edfnzdug0
uhfxuvlyh ghwuhqghg gdwd lv xvhg wr surgxfh dq lqvwuxphqwdo yduldeoh iru wkh uhjuhvvru
lq d iruzdug0uhfxuvlyh ghwuhqghg uhjuhvvlrq prgho1 Wr h{sodlq wklv lghd/ wdnh wkh uh0
juhvvlrq prgho +;, dqg frqvlghu wkh iroorzlqj wzr uhfxuvlyh ghwuhqglqj surfhgxuhv1
Iluvw/ ghwuhqg wkh gdwd uhfxuvlyho| wkurxjk w @ wf> ===> W> vwduwlqj dw vrph revhuydwlrq
wf A s> zkhuh s @ glp+j|, dqg fdofxodwh wkh edfnzdug0ghwuhqghg gdwd












Vlploduo|/ iru w @ 4> ===> W  w> zh kdyh wkh iruzdug0ghwuhqghg gdwd dv iroorzv=












Wkhq/ zh hpsor| wkh iruzdug0ghwuhqglqj surfhgxuh lq wkh uhjuhvvlrq htxdwlrq +;,
dqg kdyh
}c| @ d}c|3 . %c|=























Wkh iruzdug0uhfxuvlyh ghwuhqghg gdwd xvh ixwxuh lqirupdwlrq lq ghwuhqglqj/ zkhuhdv
wkh edfnzdug0uhfxuvlyh ghwuhqghg gdwd xvh sdvw lqirupdwlrq lq ghwuhqglqj1 Wkxv/
zh pljkw h{shfw wkdw wkh iruzdug0uhfxuvlyh ghwuhqghg huuru %c| lq wkh qxphudwru ri
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adnUT 4 pljkw eh dv|pswrwlfdoo| xqfruuhodwhg zlwk wkh edfnzdug0ghwuhqghg uhjuhvvru
}c|3= Lq wkh hduolhu yhuvlrq ri wkh sdshu +Prrq dqg Skloolsv/ 4<<<d,/ zh vkrzhg wkdw
wkh LY hvwlpdwru afnUT lv frqvlvwhqw iru doprvw doo wkh ydoxhv iru f= Krzhyhu/ lw wxuqv
rxw wkdw afnUT kdv d vlplodu sureohp wr wkh rqh wkdw dulvhv zlwk wkh hduolhu hvwlpdwru
afnn= Wkdw lv/ zkhq f @ 3> wkh olplw ri wkh ghqrplqdwru ri afnUT ghjhqhudwhv wr }hur
lq suredelolw|/ dqg vr wkh lqvwuxphqwdo yduldeoh hvwlpdwru afnUT lv qrw frqvlvwhqw lq
wklv fdvh1 Dv zlwk wkh hvwlpdwru afnn/ uhvroylqj wkh eldv sureohp wkdw dulvhv lq wkh
qxphudwru |lhogv d ghjhqhudf| sureohp lq wkh ghqrplqdwru iru vrph ydoxhv ri f> dqg
lq sduwlfxodu dw f @ 3= Lq hhfw/ zlwk erwk hvwlpdwruv/ wkhuh lv lqvx!flhqw lqirupdwlrq
+lq whupv ri shuvlvwhqw h{flwdwlrq lq wkh uhjuhvvru2lqvwuxphqw, derxw wkh wuxh ydoxh
f @ 3 wr gholyhu d frqvlvwhqw hvwlpdwh iru wklv ydoxh ri f=
7 Dssolfdwlrqv
714 Whvwv rq wkh Orfdol}lqj Frh!flhqw
Wkh dv|pswrwlf qrupdolw| ri
s
q +afn  I +f,, dqg sq +afnn  f, jlyhq lq Wkhruhpv
5 dqg 7 hqdeoh xv wr frqvwuxfw whvwv iru pdq| lqwhuhvwlqj k|srwkhvhv1 Vxssrvh/ iru
lqvwdqfh/ wkdw zh duh lqwhuhvwhg lq whvwlqj wkh qxoo k|srwkhvlv
Kf = f @ ff> +65,
zkhuh ff ehorqjv wr d frqvlvwhqwo| hvwlpdeoh sdudphwhu vhw1< Wkhq/ iru h{dpsoh/







zkhuh a @ ?
S?
'
a/ a @ ?
S?
'
a2 = E| Wkhruhp 7/ zh kdyh
wr|@| , Q +3> 4,
dv +W>q $ 4,re^ Wkh mrlqw olplw frqyhujhqfh ri wr|@| wr Q +3> 4, lv hvwdeolvkhg lq
Dsshqgl{ F1
Dv phqwlrqhg hduolhu/ wkh sdqho prgho vshflfdwlrq lq prgho +4, zklfk doorzv
iru d frpprq orfdo wr xqlw| sdudphwhu dfurvv lqglylgxdov fdq vrphwlphv eh wrr
uhvwulfwlyh1 Lq vxfk fdvhv lw pd| eh ri lqwhuhvw wr whvw wkh glhuhqfh ri orfdo wr xqlw|
sdudphwhuv ehwzhhq vshflf vxejurxsv ri lqglylgxdov1 Vxssrvh wkdw L@ dqg LK ghqrwh
wzr vxejurxsv ri lqglylgxdov dqg zh duh lqwhuhvwhg lq whvwlqj k|srwkhvhv derxw wkh





}c|3 . j| . %c|/
<Iru h{dpsoh/ lq wkh fdvh ri lwhudwlyh ROV hvwlpdwlrq/ Sf M tS G 8 ES lv prqrwrqlf c dqg lq wkh
fdvh ri grxeoh eldv fruuhfwhg hvwlpdwlrq/ Sf M tS G / ES ' f 
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zkhuh f> @ f@ li l 5 L@ dqg f> @ fK li l 5 LK= D qdwxudo k|srwkhvlv lv
Kf = f@ @ fK=
Ohw q@ @ &+L@, dqg qK @ &+LK, > uhvshfwlyho|1 Dovr/ dvvxph wkdw q@@qK $  ? 4 dv
q@> qK $ 4= Wkh qxoo k|srwkhvlv fdq eh whvwhg e| frpsxwlqj wkh Zdog vwdwlvwlf
Z@cK @ qK
+afnn@  afnnK ,2
+q@@qK, aY@ . aYK
>








 5 id> ej= E| wkhruhp 7/ dv +W>q $ 4,re^ > zh nqrz
Z@cK , "2>
d fkl0vtxduh glvwulexwlrq zlwk ghjuhh ri iuhhgrp rqh1
715 Dq Dssolfdwlrq wr H!flhqw Wuhqg Holplqdwlrq
Lq wklv vhfwlrq zh vkrz krz frqvlvwhqw hvwlpdwlrq ri wkh orfdol}lqj frh!flhqw f fdq eh
xvhg iru h!flhqw hvwlpdwlrq ri wkh wuhqg frh!flhqwv1 Vxssrvh d wuhqglqj wlph vhulhv
}| lv jhqhudwhg e| wkh v|vwhp
}| @ f . 

w. ||> w @ 4> ===> W> +66,








zkhuh f ghqrwhv d orfdo ghsduwxuh iurp xqlw|/ %| kdv phdq }hur dqg qlwh yduldqfh dqg
|f @ RR+4, zlwk d qlwh yduldqfh dv W $ 4= Vxssrvh wkdw rxu sulpdu| lqwhuhvw lv lq
hvwlpdwlqj wkh wuhqg frh!flhqw  dqg lq frqvwuxfwlqj frqghqfh lqwhuydov iru =Zh
dvvxph d olqhdu wuhqg lq prgho +66, ehfdxvh lw lv wkh prvw zlgho| xvhg vshflfdwlrq
lq hpslulfdo dssolfdwlrqv1 Lw lv vwudljkwiruzdug wr doorz iru jhqhudo sro|qrpldo wuhqgv
exw wr nhhs wkh dojheud vlpsoh zh gr qrw glvfxvv wkh jhqhudo fdvh khuh1
Dffruglqj wr uhfhqw uhvhdufk +Skloolsv dqg Ohh/ 4<<9 dqg Fdqmhov dqg Zdwvrq/
4<<:,/ zkhq wkh uhvlgxdo whup || lq +66, lv qhduo| lqwhjudwhg/ d sduwldo JOV sur0
fhgxuh edvhg rq txdvl0glhuhqflqj wkh gdwd +fdoohg txdvl0glhuhqflqj ghwuhqglqj ru
TG ghwuhqglqj, lv dv|pswrwlfdoo| pruh h!flhqw wkdq ROV lq hvwlpdwlqj wkh wuhqg
frh!flhqw = Krzhyhu/ wr h{hfxwh ihdvleoh TG ghwuhqglqj lw lv qhfhvvdu| wr hvwlpdwh
wkh xqnqrzq orfdo wr xqlw| sdudphwhu f= Exw frqvlvwhqw hvwlpdwlrq ri f iurp d vlqjoh
wlph vhulhv wudmhfwru| lv qrw jhqhudoo| srvvleoh dqg wklv frpsolfdwhv hvwlpdwlrq dqg
lqihuhqfh derxw  dqg wkh frqvwuxfwlrq ri ydolg frqghqfh lqwhuydov iru = Krzhyhu/
li sdqho gdwd lv dydlodeoh43/ wkhq wkh sdudphwhu f fdq eh frqvlvwhqwo| hvwlpdwhg doprvw
hyhu|zkhuh/ dv glvfxvvhg lq suhylrxv vhfwlrqv/ dqg wklv pdnhv h!flhqw hvwlpdwlrq ri
wkh wuhqg frh!flhqwv +/ vd|, srvvleoh dqg idflolwdwhv vwdwlvwlfdo lqihuhqfh1
43Wkh sdqho gdwd duh dvvxphg wr kdyh frpprq orfdol}lqj sdudphwhu S exw pd| kdyh lqglylgxdoo|
glhuhqw xqnqrzq wuhqgv1
55
Ohw af eh d frqvlvwhqw hvwlpdwh ri f> h1j1 af @ I3 +afn,/ zkhuh f lv lq wkh lghqwldeoh
uhjlrq ri ROV hvwlpdwlrq/ ru af @ afnn dqg $ +f, 9@ 3= Ghqh j| @ +4> w, dqg vhw








4 	SA +w 4,














}|3> }Sc @ }>
iru w @ 5> ===> W= Wkh TG hvwlpdwru ri wkh wuhqg frh!flhqw lq d sduwlfxodu htxdwlrq/
vd|  @ +f> ,





























f +4 fu,2 gu

= +68,





































































Wklv hvwlpdwru kdv wkh vdph olplw glvwulexwlrq dv wkh JOV hvwlpdwru ri  dqg/ khqfh/
dwwdlqv wkh h!flhqf| erxqg iru wkh hvwlpdwlrq ri  lq wklv fodvv1
Qh{w/ vxssrvh wkdw a lv d frqvlvwhqw hvwlpdwh ri 1 Wkhq/ xvlqj wkh frqvlvwhqw
hvwlpdwh ri f> af> zh fdq frqgxfw vwdwlvwlfdo lqihuhqfh derxw = Iru h{dpsoh/ d +4,(


















lv wkh wzr vlghg ( shufhqwdjh srlqw ri wkh Q+3> 4, glvwulexwlrq1 Lq
dgglwlrq/ wr whvw k|srwkhvhv vxfk dv
Kf =  @ f>








Vlqfh af $ f> wkh Zdog vwdwlvwlf frqyhujhv lq glvwulexwlrq wr "2 dv W +dqg q, $ 4=
716 Hvwlpdwlrq ri Glvwdqw Lqlwldol}dwlrq
Dv d uhihuhh kdv phqwlrqhg/ li wkh lqlwldo frqglwlrqv duh udqgrp dqg lq wkh glvwdqw
sdvw/ wkhq wkh olplw wkhru| dqg frqghqfh lqwhuydov olnh +69, qhhg wr eh prglhg wr






+dv lq Skloolsv dqg Ohh/ 4<<9/ dqg Fdqmhov dqg Zdwvrq/ 4<<:, zkhuh |wcf lv sdudphwhu0
l}hg e| wkh glvwdqw sdvw sdudphwhu  zklfk phdvxuhv wkh glvwdqfh lqwr wkh sdvw wkdw
wkh lqlwldol}dwlrq h{whqgv lq whupv ri vrph iudfwlrq  ri wkh suhvhqw vdpsoh ri wlph
vhulhv gdwd W= Zkhq %c3 vdwlvhv Dvvxpswlrq 4/ wkh glvwdqw sdvw lqwldol}dwlrq +6:,
jlyhv gdwd dw wkh ehjlqqlqj ri wkh wlph vhulhv vdpsoh vwdwlvwlfdo surshuwlhv vlplodu wr
wkrvh ri wkh vdpsoh lwvhoi1 Wkhq/ dv W $ 4 zh kdyh
4s
W








zkhuh NSc lv d glxvlrq surfhvv zlwk wkh vdph surshuwlhv dv MSc1 Ixuwkhupruh/ lq
sodfh ri +43,/ zh qrz kdyh
4s
W
|cdAoo , FMSc +u, . hSoFNSc +, > +6<,
zkhuh NSc dqg MSc duh lqghshqghqw/ lq ylhz ri wkh vkruw phpru| ri wkh huuruv %|= Lw
iroorzv wkdw > dv zhoo dv f> qrz sod|v d uroh lq wkh olplw wkhru| dqg dq| frqghqfh
lqwhuydov frqvwuxfwhg iurp lw1
Mxvw dv f fdq eh frqvlvwhqwo| hvwlpdwhg lq sdqhov e| af @ I3 +afn, xqghu fhuwdlq
frqglwlrqv/ zh pljkw h{shfw wkhuh wr eh vrph survshfw iru hvwlpdwlqj  lq d uhodwhg
zd|1 Lqghhg/ li wkh lqlwldol}dwlrq sdudphwhu  lv wkh vdph dfurvv l> lw iroorzv iurp
















AIurp wklv irupxod/ lw lv dssduhqw wkdw/ zkhq f lv nqrzq/ d vlpsoh frqvlvwhqw hvwl0








zkhuh e @ ? S?' e= Qrwlfh wkdw lq fdvhv ri sdqho prghov zlwk xqlw urrwv +l1h1/
f @ 3, wkh fruuhvsrqglqj frqvlvwhqw hvwlpdwru ri  zrxog vlpso| eh wkh yduldqfh
udwlr e +3, @ e2f@e= Zkhq f lv xqnqrzq/ dqg d suholplqdu| frqvlvwhqw hvwlpdwh/ hf>
lv dydlodeoh +h1j1 wkh grxeoh eldv fruuhfwhg hvwlpdwru glvfxvvhg lq Vhfwlrq 7 vkrxog
vx!fh,/ zh fdq frqvwuxfw d frqvlvwhqw hvwlpdwh ri  xvlqj e +hf, = Mrlqw hvwlpdwlrq ri f
dqg  lv dovr srvvleoh/ dqg wkh iroorzlqj rxwolqhv d frqvlvwhqw hvwlpdwlrq surfhgxuh1
Zlwk lqlwldo revhuydwlrqv dv lq +6:, > wkh suredelolw| olplw ri afn lv ghshqghqw rq wkh
wzr xqnqrzq sdudphwhuv f dqg = Vxssrvh zh zulwh wklv ghshqghqfh dv I +f> , =









lv prqrwrqlf/ mxvw dv
zh glg lq wkh fdvh ri wkh lwhudwhg ROV hvwlpdwru lq Vhfwlrq 61 D frqvlvwhqw hvwlpdwh
ri  lv wkhq irxqg dv e +f, = Qrwh wkdw lq doo wkhvh fdvhv e lv dovr frqvlvwhqw zkhq  @ 3
dqg wkh lqlwldol}dwlrq lv RR +4, =
Zkdw wkh deryh glvfxvvlrq lqglfdwhv lv wkdw/ xqghu wkh dvvxpswlrq wkdw doo php0
ehuv ri wkh sdqho ruljlqdwh dw wkh vdph wlph lq wkh glvwdqw sdvw/ wkhuh lv wkh survshfw
ri frqvlvwhqwo| hvwlpdwlqj wkh glvwdqfh sdudphwhu = Lqwxlwlyho|/ hvwlpdwhv olnh e zrun
ehfdxvh li wkhuh lv glvwdqw lqlwldol}dwlrq lq wkh hohphqwv ri wkh sdqho/ lw fdq eh h{0
shfwhg wr vkrz xs lq wkh h{whqw ri wkh revhuyhg yduldwlrq lq wkh uvw vdpsoh gdwd
srlqw dfurvv wkh sdqho1 Wkh hvwlpdwru e vlpso| dvvhvvhv wklv revhuyhg yduldwlrq +yl}1/e2f, uhodwlyh wr d frqvlvwhqw hvwlpdwh ri wkh dyhudjh orqj uxq yduldwlrq glvsod|hg e|
wkh sdqho +yl}1 e,/ zlwk vrph dgmxvwphqw wr dffrxqw iru wkh suhvhqfh ri d urrw wkdw
lv orfdo wr xqlw| udwkhu wkdq dw xqlw|1
8 Frqfoxglqj Uhpdunv
Wklv sdshu kdv vwxglhg wkh hvwlpdwlrq ri d frpprq orfdol}lqj sdudphwhu iru prghov
zlwk qhdu xqlw urrwv xvlqj sdqho gdwd1 Iluvw/ lw zdv vkrzq wkdw wkh orfdo wr xqlw|
sdudphwhu lq d vlpsoh sdqho qhdu lqwhjudwhg uhjuhvvlrq prgho fdq eh frqvlvwhqwo|
hvwlpdwhg e| vwudljkwiruzdug srrolqj dqg ruglqdu| ohdvw0vtxduhv uhjuhvvlrq1 Zkhq
ghwhuplqlvwlf wuhqgv duh suhvhqw lq wkh sdqho uhjuhvvlrq prgho/ wkh vlwxdwlrq lv pxfk
pruh frpsoh{1 Zh kdyh vkrzq wkdw wkh qlfh uhvxowv iru wkh prgho zlwk qr wuhqgv gr
qrw h{whqg hdvlo|1
Lq sduwlfxodu/ wkh vlpsohvw srrohg hvwlpdwru wkdw lv edvhg rq wkh xvh ri ruglqdu|
ohdvw vtxduhv zlwk ghwuhqghg gdwd kdv dq dv|pswrwlf eldv zklfk ghshqgv xsrq wkh
xqnqrzq orfdol}lqj sdudphwhu1 Rqh vroxwlrq vxjjhvwhg khuh lv wr xvh wkh qxphulfdo
lqyhuvh ri wkh eldv ixqfwlrq wr rewdlq d frqvlvwhqw hvwlpdwh ri wkh orfdol}lqj sdudphwhu1
Krzhyhu/ wklv vxjjhvwlrq zrunv rqo| zkhq wkh wuxh ydoxh ri f lv lq wkh lghqwldeoh
uhjlrq1
Dv d vhfrqg phwkrg/ zh ghyhorshg dq hvwlpdwlrq surfhgxuh zklfk fruuhfwv iru
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wkh eldv iurp wkh vhuldo fruuhodwlrq dqg iurp wkh xvh ri wkh ghwuhqghg gdwd1 Wklv
grxeoh0eldv fruuhfwhg hvwlpdwru lv frqvlvwhqw h{fhsw iru d qlwh qxpehu ri ydoxhv lq
wkh sdudphwhu vsdfh ri f= Krzhyhu/ wkh vhw ri ydoxhv zkhuh wklv hvwlpdwru lv qrw
frqvlvwhqw frqwdlqv f @ 3> zklfk lv dq hvshfldoo| lqwhuhvwlqj fdvh1 Dovr/ zkhq wkh
wuxh sdudphwhu wdnhv d ydoxh forvh wr }hur/ lq sudfwlfh/ zh fdq h{shfw wkh grxeoh0
eldv fruuhfwhg surfhgxuh wr surylgh d srru hvwlpdwh ri wkh wuxh orfdol}lqj sdudphwhu
ehfdxvh wkh ghqrplqdwru ri wkh grxeoh eldv fruuhfwhg hvwlpdwru zloo eh forvh wr }hur
lq wklv fdvh1 Vlplodu sureohpv dulvh lq wkh fdvh ri dq lqvwuxphqwdo yduldeoh hvwlpdwru
wkdw dyrlgv eldv e| suxghqw lqvwuxphqwlqj1 Wkxv/ hyhq zlwk sdqho gdwd dqg d frpprq
orfdol}lqj frh!flhqw/ frqvlvwhqw hvwlpdwlrq ri wkh orfdol}lqj sdudphwhu lv d fkdoohqjlqj
wdvn zkhq zh zdqw wr doorz iru ghwhuplqlvwlf wuhqgv lq wkh prgho1
Iru wkrvh fdvhv zkhuh frqvlvwhqw hvwlpdwlrq ri wkh orfdol}lqj frh!flhqw lv srvvleoh
+qrwdeo| zkhq f ? 3,/ wkh phwkrgv duh xvhg wr vkrz krz wr shuirup h!flhqw wuhqg
h{wudfwlrq iru sdqho gdwd1 Wklv jlyhv xv dq hpslulfdoo| xvhixo dojrulwkp iru h!flhqwo|
hvwlpdwlqj d ghwhuplqlvwlf wuhqg lq wkh suhvhqfh ri vwrfkdvwlf wuhqgv jhqhudwhg e| qhdu
lqwhjudwhg surfhvvhv zlwk d frpprq orfdol}lqj sdudphwhu1 Dqrwkhu xvhixo dssolfdwlrq
ri sdqho gdwd olhv lq wkh frqvlvwhqw hvwlpdwlrq ri wkh glvwdqflqj sdudphwhu wkdw dulvhv
lq wkh irupxodwlrq ri glvwdqw lqlwldo frqglwlrqv1 Wklv sdudphwhu +zklfk lv h{suhvvhg
dv d iudfwlrq ri wkh ohqjwk ri wkh suhvhqw wlph vhulhv vdpsoh, phdvxuhv krz idu lqwr
wkh sdvw wkh lqlwldol}dwlrq h{whqgv lq whupv wkh vkrfnv wkdw kdyh ghwhuplqhg lw1 Lw
lv vkrzq wkdw wkh revhuyhg yduldwlrq lq sdqho revhuydwlrqv dw wkh lqlwldo srlqw lq wkh
wlph vhulhv vdpsoh surylghv hqrxjk lqirupdwlrq derxw suh0vdpsoh revhuydwlrqv wr
frqvwuxfw d frqvlvwhqw hvwlpdwh ri wklv sdudphwhu1
Dowkrxjk zh gr qrw uhsruw wkh dqdo|vlv khuh/ wkh dxwkruv kdyh ehhq deoh wr vkrz
wkdw wkh Jdxvvldq pd{lpxp olnholkrrg hvwlpdwru ri f lv dovr lqfrqvlvwhqw lq sdqho
prghov zlwk ghwhuplqlvwlf wuhqgv dqg qhdu lqwhjudwhg vwrfkdvwlf wuhqgv1 Wklv lqwhu0
hvwlqj sdqho gdwd h{dpsoh ri lqfrqvlvwhqw pd{lpxp olnholkrrg hvwlpdwlrq lv h{soruhg
lq d uhfhqw sdshu e| Prrq dqg Skloolsv +4<<<e,1
9 Dsshqglfhv
914 Dsshqgl{ D=
Surri ri Wkhruhp 5






















































































































y +f, y2 +f,
y2 +f, y22 +f,

lv jlyhq dw wkh hqg ri wklv surri1 Ghqh i+d> e, @ K@ = Wkhq/ dssolfdwlrq ri wkh ghowd


























 Q +3>Y	Sn +f,, > vd|1
Zh qrz hvwdeolvk +74, zlwk vhtxhqwldo olplwv1
















































+u, @ McS+u, 
U
McS+v,k+v> u,gv= Qrwh wkdw vxs ? 4= Wkhq/ e| wkh



























4FFD , Q +3>Y +f,, >
zkhuh































 = Wkh olplw fryduldqfh pdwul{ Y +f, kdv frpsrqhqwv wkdw duh
dv iroorzv1 Iru qrwdwlrqdo euhylw|/ zh rplw wkh lqglylgxdo lqgh{ l lq wkh iroorzlqj
h{suhvvlrqv1
































































































+u> v> s> t,k+u> v,k+s> t,gtgsgvgu  $+f,2>
zkhuh
















































































MS+s,k+s> u,gZ +u,MS+t,k+t> v,gZ +v,gsgt=































































 $2 +f,2 = +75,












































































MS+u,MS+v,k+u> v,MS+s,k+s> t,gZ +t,

gsgvgu  $+f,$2+f,=











































































































gsk+u> v,gvgu  $+f,$2+f,= 

















































































































































































hSEr3%hSER3+H +gZ +{,gZ +|,gZ +u,gZ +v,, gs=



































































hSER3%hSE^3+H+gZ +{,gZ +|,gZ +u,gZ +v,,gsgt= +77,






































gsgt li { @ u> | @ v> { 9@ |





























































hSEo3Rgsgvgu li } @ | ? s @ { ? u




























H +gZ +{,gZ +|,gZ +},gZ +t,, gsgvgu= +79,













































gsgvgu li { @ } 9@ t @ |
@ 3 rwkhuzlvh= 
915 Dsshqgl{ E=
91514 Edfnjurxqg ri Mrlqw Frqyhujhqfh Wkhru|
Wkh sulpdu| remhfw ri wklv sdshu lv wr ghyhors dv|pswrwlf wkhrulhv ri lqihuhqfh iru
orfdol}lqj frh!flhqwv lq sdqho gdwd prghov1 Lq pdq| dssolfdwlrqv ri odujh q dqg W
sdqho uhjuhvvlrq prghov/ zh duh lqwhuhvwhg lq wkh olplw ehkdylru ri grxeoh lqgh{hg
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zkhuh wkh \cA duh lqghshqghqw dfurvv l iru doo W= W|slfdoo|/ zh qhhg wr qg wkh
suredelolw| olplw ri [?cA ru wkh olplw glvwulexwlrq ri vfdohg txdqwlwlhv olnh
s
q[?cA
zkhq +q>W $ 4,= Lq hduolhu zrun/ wkh dxwkruv +Skloolsv dqg Prrq/ 4<<<, surylgh d
frqfhswxdo iudphzrun dqg uljrurxv ghqlwlrqv iru mrlqw frqyhujhqfh lq suredelolw| dqg
mrlqw frqyhujhqfh lq glvwulexwlrq iru grxeoh lqgh{hg surfhvvhv1 Wklv vhfwlrq eulh |
uhylhzv vrph frqfhswv dqg khosixo uhvxowv iurp wkdw hduolhu zrun zklfk zloo eh xvhg
iuhtxhqwo| iru hvwdeolvklqj mrlqw olplwv lq wklv sdshu1 Doo ri wkh uhvxowv jlyhq lq wklv
vhfwlrq duh suryhg lq Skloolsv dqg Prrq +4<<<,1




' \cA lv hvwdeolvkhg e| ohwwlqj wkh lqgh{ W jr wr lqqlw| uvw dqg wkhq wkh
vhfrqg lqgh{ q lv sdvvhg wr lqqlw| odwhu1 Xvlqj h{lvwlqj wlph vhulhv olplw wkhru|
zh fdq riwhq hdvlo| rewdlq wkh olplw ehkdylru ri \cA 1 Iru h{dpsoh/ vxssrvh wkdw dv
W $ 4
\cA , \ +7;,
ru
\cA $R \ iru doo l= +7<,
Wkhq/ e| wkh lqghshqghqfh ri \cA dfurvv l iru doo W> lw iroorzv [?cA , [? ru [?cA $R
[? dv W $ 4 iru doo q>zkhuh [? @ ?
S?
' \=
Dovr/ lq wkh fdvh ri +7;,/ lw lv dvvxphg wkdw wkh \ duh ghqhg rq wkh vdph
suredelolw| vsdfh iru doo l vr wkdw wkh vxp ri wkh olplw udqgrp yduldeohv ?
S?
' \ lv



























vr dv +W> q $ 4,re^
[?cA $R f =
Lq jhqhudo/ wkh vhtxhqwldo suredelolw| olplw f ri [?cA lv qrw wkh vdph dv wkh
suredelolw| olplw ri [?cA xqghu mrlqw glyhujhqfh ri wkh lqglfhv +q> W ,> dqg/ lq idfw/ wkh
44Wkh dvvxpswlrq wkdw wkh t duh ghqhg rq wkh vdph suredelow| vsdfh fdq eh mxvwlhg1 Iru wklv/
vhh Skloolsv dqg Prrq +4<<:,1
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odwwhu pd| qrw hyhq h{lvw zlwkrxw ixuwkhu frqglwlrqv1 Wkh iroorzlqj wkhruhp jlyhv
d vhw ri vx!flhqw frqglwlrqv xqghu zklfk wkh mrlqw suredelolw| olplw dqg vhtxhqwldo
suredelolw| olplw ri [?cA duh htxlydohqw1
Wkhruhp 9 Vxssrvh wkdw zh kdyh +n4, udqgrp yhfwruv \cA zklfk duh lqghshqghqw






























'H n\cA n 4in\cA n A q%j @ 3 ;% A 3=




'H\ h{lvwv dqg [? $R f dv q $ 4> wkhq [?cA $R f dv
+q>W $ 4,=
Dq lqwhuhvwlqj vshfldo fdvh dulvhv zkhq wkh \cA duh vfdohg yhuvlrqv ri vrph llg
udqgrp yhfwruv TcA = Vxssrvh wkdw \cA @ FTcA / zkhuh TcA duh llg dfurvv l iru doo
W> dqg F duh +n  n, qrqudqgrp pdwulfhv iru doo l1 Vxssrvh wkdw TcA , T dv
W $ 4 iru doo l> vr wkdw \ @ FT= Lq jhqhudo/ \cA duh khwhurjhqhrxv dfurvv l xqohvv
F duh vdph iru doo l= Wkh vrxufh ri wkh khwhurjhqhlw| lq \cA lv wkh vfdoh hhfwv F=
Fruroodu| : Vxssrvh wkdw \cA @ FTcA / zkhuh TcA duh llg dfurvv l iru doo W dqg
F duh +n  n, qrqudqgrp pdwulfhv iru doo l1 Dvvxph wkdw TcA duh lqwhjudeoh iru doo
W dqg TcA , T dv W $ 4= Dvvxph wkdw F @ olp? ?
S?
'F h{lvwv1 Li +l, nTcA n
duh xqlirupo| lqwhjudeoh lq W iru doo l>dqg +ll, vxs nFn ? 4> wkhq ?
S?
' \cA $R
FH+T, dv +q>W $ 4,=
Uhpdunv Khuh zh suhvhqw irxu xvhixo zd|v wr yhuli| frqglwlrq +l, ri Fruroodu| :/ wkh
xqlirup lqwhjudelolw| ri nTcA n lq W 1 Iru qrwdwlrqdo vlpsolflw|/ zh rplw wkh lqglylgxdo
lqgh{/ l=
+d, Vxssrvh wkdw TA , T dv W $ 4= Wkhq/ xqlirup lqwhjudelolw| ri nTA n lv
htxlydohqw wr H nTA n $ H nTn dv W $ 4= +vhh Wkhruhp 817 lq Eloolqjvoh|/
4<9;,=
+e, Vxssrvh wkdw H nTA no ? 4 iru vrph 3 ? u ? 4 dqg TA $R T dv W $ 4=
Wkhq wkh iroorzlqj duh htxlydohqw1 +l, nTA no duh xqlirupo| lqwhjudeoh lq W / +ll,
H nTA no $ H nTno > dqg +lll, H nTA Tno $ 3= Wklv lv wkh Ylwdol wkhruhp1
+f, Vxssrvh wkdw wkhuh h{lvw d vhtxhqfh ri udqgrp yduldeohv XA vxfk wkdw XA 
nTA n iru doo W= Wkhq/ xqlirup lqwhjudelolw| ri XA lpsolhv wkh xqlirup lqwhjud0
elolw| ri nTA n =
+g, Vxssrvh wkdw TA @ ZA]A = Li nZA n2 dqg n]A n2 duh xqlirupo| lqwhjudeoh lq W>
wkhq nTA n duh xqlirupo| lqwhjudeoh1
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Lq pdq| qrqvwdwlrqdu| sdqho dssolfdwlrqv/ zh qg wkdw d vwdqgdugl}hg vxp ri wkh
wlph vhulhv iru lqglylgxdo l> \cA > fdq eh dssur{lpdwhg e| d vfdohg yhuvlrq ri llg
udqgrp yduldeohv +ru yhfwruv,/ wkdw lv/
\cA  FTcA >
zkhuh F lv d frqvwdqw dqg TcA lv llg ryhu wkh furvv vhfwlrq zlwk phdq }hur dqg qlwh
yduldqfh1
Wkh iroorzlqj ohppd lv khosixo lq ghulylqj wkh mrlqw olplw glvwulexwlrq ri d grxeoh






' \cA > zkhq \cA @ FTcA =
Wkhruhp ; Vxssrvh wkdw \cA @ FTcA > zkhuh wkh +n  4, udqgrp yhfwruv TcA duh
llg +3>	A , dfurvv l iru doo W dqg F duh qrqudqgrp pdwulfhv1 Dvvxph wkh iroorzlqj
krog=















dv q $ 4>













\cA , Q +3>, dv +q>W $ 4,=
91515 Vrph Suholplqdu| Uhvxowv
Wklv vhfwlrq jlyhv vrph xvhixo uhvxowv zklfk zloo eh xvhg uhshdwhgo| lq wkh iroorzlqj
vxevhfwlrqv1
+d, D sduwlfxoduo| xvhixo wrro lq wuhdwlqj wkh olqhdu surfhvv %c| lv wkh EQ ghfrpsr0
vlwlrq zklfk ghfrpsrvhv wkh olqhdu owhu lqwr orqj0uxq dqg wudqvlwru| hohphqwv1
Skloolsv dqg Vror +4<<5, jlyh ghwdlov ri krz wklv phwkrg fdq eh xvhg wr ghulyh
d odujh qxpehu ri olplw uhvxowv1 Xqghu Dvvxpswlrq 4/ wkh olqhdu surfhvv %c| lv
ghfrpsrvhg dv
%c| @ Fxc| .%c|3  %c|> +85,
zkhuh F @ F+4,>%c| @
S"
'f
Fcxc|3> dqg Fc @
S"
&'nFc&= Xqghu wkh















2 ? 4> +87,
zkhuh e  4 dqg F @ vxs Fc +vhh Skloolsv dqg Vror/ 4<<5,1
















F&= Wkh wzr udqgrp yduldeohv ghqhg deryh duh grplqdw0
lqj udqgrp yduldeohv iru %c| dqg %c|> uhvshfwlyho|/ lq wkh vhqvh wkdw Hc|  m%c|m
dqg Hc|  m%c|m iru doo l dqg w= E| ghqlwlrq/ Hc| dqg Hc| duh llg dfurvv l iru doo
w dqg vdwlvi|













4D2 ? P> +8:,
iru vrph P ? 4= Wkurxjkrxw wklv Dsshqgl{ dqg hovhzkhuh lq wkh sdshu zh
xvh P wr ghqrwh d jhqhulf frqvwdqw1
+f, Qh{w/ uhfdoo wkdw














Lw lv hdv| wr vhh wkdw zkhq w @ ^Wu` dqg v @ ^Ws`> dv W $ 4




j+s, @ k+u> s,
xqlirupo| lq +u> s, 5 ^3> 4` ^3> 4`= Wkh iroorzlqj olplw dovr krogv
vxs
$|cr$A




+g, Xvlqj wkh EQ ghfrpsrvlwlrq ri %c|> zh fdq ghfrpsrvh |c| lqwr wzr whupv 0












Xvlqj wkh EQ ghfrpsrvlwlrq +85, ri %c|/ zh fdq ghfrpsrvh |c| dv





















Qh{w zh lqwurgxfh erxqgv iru wkh prphqwv ri vrph udqgrp yduldeohv zklfk zloo














































































































































































? P dv W $ 4 li w @ ^Wu`>
6:
zkhuh wkh uvw lqhtxdolw| xvhv +d . e . f . g,2  7+d2 . e2 . f2 . g2,> wkh vhfrqg
lqhtxdolw| xvhv +87,/ dqg wkh wklug lqhtxdolw| krogv e| dsso|lqj wkh Fdxfk|0Vfkzdu}
lqhtxdolw| dqg +87, wr mH+%cr%cR,m =
Wkh qh{w wzr ohppdv zloo eh xvhixo lq surylqj mrlqw olplwv1



















zkhuh $+f, @ 32S

4 . 2S+4 h2S,















































































































@ L@ . 5LL@ . LLL@> vd|1
Lq zkdw iroorzv zh vkrz wkdw L@ $R $+f, dqg LL@> LLL@ $R 3 dv +q>W $ 4,=
































 @ > L@ $R $+f,
dv +W>q $ 4,re^ = Wkxv/ wr frqfoxgh wkdw L@ $R $+f, dv +W>q $ 4, lw vx!fhv wr
yhuli| frqglwlrqv +l,0+ll, lq Fruroodu| :1 Frqglwlrq +ll, ri Fruroodu| : fohduo| krogv e|
























































@ $+f, @ HT dv W $ 4=
Vlqfh TcA  3> TcA , T dqg HTcA $ HT dv W $ 4 duh hqrxjk wr dvvhuw wkdw
iTcA jA duh xqlirupo| lqwhjudeoh e| Wkhruhp 817 lq Eloolqjvoh| +4<9;,/ lw iroorzv wkdw
+l, lq Fruroodu| : lv vdwlvhg1






























$R 3 dv q>W $ 4
e| vkrzlqj wkdw H mLL@m > H mLLL@m $ 3 dv q>W $ 4=
Iluvw/ zh kdyh












































































































2H mUc|3m2 @ R+ 4sW ,>
zkhuh wkh htxdolw| krogv ehfdxvh vxs vxs$|$A H mUc|3m2 @ R+4, e| +95, dqg wkh
























































































kA +v> w, @ R+4,> zh frqfoxgh wkdw H mLL@m @ R  IA  $ 3 dv W $4=
Vlploduo|/ LLL@ $R 3 dv +q> W $ 4, ehfdxvh H mLLL@m $ 3 dv +q>W $ 4, lq LL@
dqg zh kdyh doo wkh uhtxluhg uhvxowv wr frpsohwh wkh surri ri sduw +d,1 



































































r'|c|3%crkA +w> v, $R $2+f, dv +q>W $ 4, =
Uhfdoo wkdw |c| @ d|c|3 . %c|> zkhuh d @ h
S
A = Qrwh wkdw e| vtxdulqj |c| @






































@ d2LK  LLK  4
5
LLLK> vd|1














Eo3r2Sgv dv +q> W $ 4,= Dovr/ lw iroorzv
73
wkdw W +d2  4, $ 5f dv W $ 4= Frpelqlqj wkhvh wzr uhvxowv/ zh kdyh
LLK @ W +d














dv +q> W $ 4,=



























c| dqg \ @ H%
2







%2c| $R 0 @ \
vr/ iru {hg q> ?
S?
' \cA $R ?
S?
' \ dv W $ 4=Dovr ?
S?
' \ $ olp? ?
S?
'0 @
  5 dv q $ 4= Wkxv/ dffruglqj wr Wkhruhp 9/ yhuli|lqj frqglwlrqv +l,0+ly, lv
hqrxjk wr hqvxuh wkdw +97, krogv xqghu mrlqw olplwv dv +q>W $ 4,1 Frqglwlrqv +ll,






















0 @  5=
Iru frqglwlrq +ly,/ qrwh e| wkh ghqlwlrq ri Hc| lq +88, wkdw














































dqg zh kdyh yhulhg frqglwlrq +ly,1








 2A vxs 2cf $ 3 dv







































@ LK . LK2 . LK vd|/
zkhuh wkh vhfrqg htxdolw| krogv e| wkh ghfrpsrvlwlrq +8<, ri |cA3=
Zh qrz hpsor| wkh sulqflsoh xvhg lq wkh surri ri sduw +d,1 Zulwh TcA @ A {
2
cA3












dv W $ 4 iru {hg q= Vlqfh vxs F @ F ? 4 dqg T kdyh qlwh vhfrqg prphqwv
+qrwh wkdw MSc+u, lv d Jdxvvldq surfhvv,/ e| wkh vwurqj odz ri odujh qxpehuv iru




























Zh qrz yhuli| frqglwlrqv +l, dqg +ll, Fruroodu| : wr rewdlq wkh mrlqw suredelolw|
olplw ri LK= Iluvw/ Frqglwlrq +ll, fohduo| krogv e| Dvvxpswlrq 4+f,1 Iru frqglwlrq +l,/







h2E3rSgv @ HMSc+4,2 @ HT=
Fohduo|/ wkh TcA duh srvlwlyh1 Lw iroorzv wkhuhiruh iurp wkh deryh dqg wkhruhp 817 ri
Eloolqjvoh| +4<9;,/ wkdw wkh TcA duh xqlirupo| lqwhjudeoh1 Frpelqlqj wklv zlwk wkh
















E| vlplodu dujxphqwv wr wkrvh xvhg lq wkh glvfxvvlrq ri whup LLS lq sduw +d,/ zh
fdq vkrz wkdw dv q>W $ 4
LK2> LK $R 3=
























 . @ =
75





































r' |c|3%crkA +w> v, $R $2+f, dv W>q $
4= Xvlqj wkh ghfrpsrvlwlrq ri |c|3 lq +8<, dqg wkh EQ ghfrpsrvlwlrq ri %c| dqg
qrwlflqj wkdwH


































































Uc|3 +%cr3  %cr, kA +w> v, . rR +4,
@ LKK . LLKK . LLLKK . LYKK> vd|1





































hEo3rSk+u> v,gvgu @ $2+f, dv +W> q $ 4,=
Wkxv/ iru LKK $R $2+f, dv +W>q $ 4, lw uhpdlqv wr vkrz wkdw




















A ,SkA +w> v,
$
$R 3 dv +W>q $ 4,=
76









+ |3rA ,SkA +w> v,= Wkhq/































gw @ T> vd|1






































F2 ? 4> dqg wkh vhfrqg prphqwv ri T duh qlwh +T lv d vwrfkdvwlf
lqwhjudo ri d Jdxvvldq surfhvv zlwk uhvshfw wr d vwdqgdug Eurzqldq prwlrq,/ e| wkh










F2 HT @ 3>





F2 TcA $R 3=

























A ,SkA +w> v,
 =
Vlqfh wkh qrqvwrfkdvwlf whup
 A 2 SA|'2S|3r' h+ |3rA ,SkA +w> v, @ R+4,/ iru wkh xqlirup
lqwhjudelolw| ri wkh mTcA m lw lv hqrxjk wr suryh wkdw
 A 2 SA|'2SAr' {c|3xcrkA +w> v,














































































|'2 {c|3 GA j|
































































GA +jrn  jr, %cr
@ LLKK . LLKK2 . LLKK> vd|1
Iru LLKK $R 3 dv +W>q $ 4, > zh vkrz wkdw H mLLKKm $ 3 dv +W>q $ 4, iru doo
l @ 4> 5> 6=
Iluvw/ H mLLKK2m $ 3 dv +W>q $ 4, ehfdxvh
H mLLKK2m  vxs
$|$A







































































zkhuh wkh wklug lqhtxdolw| xvhv Fdxfk|0Vfkzdu}/ wkh irxuwk lqhtxdolw| krogv e| wkh
ghqlwlrqv ri F dqg HcA > dqg wkh htxdolw| krogv e| +8;, zlwk v @ W dqg t @ 4> +94,/
dqg +8:,1
E| vlplodu dujxphqwv wr wkrvh deryh/ zh fdq dovr vkrz wkdw
H mLLKKm $ 3 dv q> W $ 4=














































W GA +jrn  jr, = Wkhq LLKK $R 3 dv
+W>q $ 4, ehfdxvh
H mLLKKm  vxs
$|cr$A



































 Hc|2$ @ R+ 4s
W
,=
Wr vkrz wkdw LLL $R 3 dv +W> q $ 4,/ lw lv hqrxjk wr vkrz wkdw H mLLLm $ 3











= E| wkh ghqlwlrqv ri kA +w> v,>
F @ vxs mFm dqg e| wkh wuldqjoh lqhtxdolw|/ zh kdyh



































































zkhuh wkh odvw lqhtxdolw| xvhv Fdxfk|0Vfkzdu} dqg wkh lqhtxdolw| nDEn  nDn nEn =







































































@ R+4, dv W $ 4> +9;,
zkhuh wkh odvw htxdolw| krogv e| +95, dqg vxs$|$A




















@ R+4, dv W $ 4= +9<,





> dqg vr zh kdyh
wkh uhtxluhg uhvxow1 Wkh surri ri LYKK $R 3 dv +W>q $ 4, lv dqdorjrxv wr wkdw ri
LLKK= 
Ohppd 43 Ohw a @ ?
S?
'
a dqg a @ ?
S?
'
a> zkhuh a dqg a duh ghqhg
lq +4<, dqg +53, > uhvshfwlyho|11 Vxssrvh wkdw Dvvxpswlrqv 4 0 7 krog1 Wkhq/ dv
q>W $ 4 a $R  dqg a $R =
Surri ri Ohppd 431
Lq wklv surri zh vkrz rqo| wkdw a $R  dv +W>q $ 4, = Wkhq/ e| wkh vdph
sulqflsoh dv wkdw xvhg lq wkh surri ri a $R / zh qg wkdw a $R  dv +W> q $ 4,
























Ehiruh zh vwduw wkh surri ri Ohppd 43 zh lqwurgxfh wkh iroorzlqj xvhixo ohppd1
Ohppd 44 Vxssrvh wkh dvvxpswlrqv lq Ohppd 43 krog1 Wkhq/ dv +q> W $ 4,> a0c0 $R

7:
Surri ri Ohppd 441











































Ohw +m, @ H +%c|%c|n, dqg fxp+3> n> o>p, ghqrwh wkh irxuwk rughu fxpxodqw ri
+%c|> %c|n&> %c|n,> %c|n6,= Zh nqrz e| Dvvxpswlrq 4 wkdw
vxs








mfxp+3> n> o>p,m  me  6m
"[
'f
F Fn& Fn, Fn6=
Dovr/ iurp wkh vxppdelolw| frqglwlrq +f, lq Dvvxpswlrq 4/ lw iroorzv wkdw li t  e


































F Fn& Fn, Fn6





Fkrrvlqj t dv lq wkh frqglwlrq ri wkh ohppd dqg iroorzlqj wkh vdph olqhv ri surri
































$ 3 dv q>W $ 4= +:7,




















































wkhq/ lq ylhz ri Ohppd 44/ zh kdyh wkh uhtxluhg uhvxow/ yl}1/






 dv +W>q $ 4, =
























































%c| +a%c|n  %c|n,
 = +:8,

















































































































@ 5L . 5LL/ vd|1









@ RR+4, dv q>W $ 4= Dovr/
iurp Ohppd <> lw lv qrw gl!fxow wr vhh wkdw W 2+d  d,2 @ RR+4, dv q> W $ 4= Lq
frqvhtxhqfh/ L @ RR+4, dv q> W $ 4= Qrwh wkdw












































 +k, ? 4>





|' +a%c|  %c|,2 @ RR+4, dv +W>q $ 4, =




































































$ 3 dv W $ 4> +::,
83
zkhuh wkh frqyhujhqfh krogv ehfdxvh g
2







$ U f z+{,= Khqfh/
wkh uvw whup lq +:8, lv rR+4, dqg wkh vhfrqg whup lq +:8, lv dovr rR+4,= Zh qrz kdyh
doo wkh ghvluhg uhvxowv1 
916 Dsshqgl{ F= Mrlqw Frqvlvwhqf|
Wkhruhp 45 Xqghu Dvvxpswlrqv 4/ 5/ 6/ dqg 7/
afn $R I +f, =
dv +W> q $ 4, =
Surri
Wkh wkhruhp krogv e| Ohppdv < dqg 431 
Wkhruhp 46 Vxssrvh wkdw wkh dvvxpswlrqv lq Wkhruhp 47 krog1 Dovr dvvxph wkdw








































































Wkhq/ wkh frqvlvwhqf| fnn $R f dv +q>W , $ 4 lv vwudljkwiruzdug lq ylhz ri wkh idfw






 4 . SA  @ R +4, dqg Ohppdv < dqg 431 
917 Dsshqgl{ G= Mrlqw Zhdn Frqyhujhqfh
Wr hvwdeolvk dv|pswrwlf qrupdolw| ri afn dqg afnn xqghu mrlqw frqyhujhqfh/ zh qhhg
d vwurqjhu dvvxpswlrq rq wkh edqgzlgwk sdudphwhu xvhg iru wkh hvwlpdwlrq ri wkh
orqj0uxq yduldqfh1
Dvvxpswlrq 8 +Edqgzlgwk Frqglwlrq, Dv +q> W $ 4,> wkh edqgzlgwk sdudphwhu
vdwlvhv N $ 4> ?g2A $ 3> dqg ?g
2^n
A $  A 3 iru vrph 2 ? t  e iru zklfk z^ lv
qlwh/ zkhuh e lv jlyhq lq frqglwlrq +f, lq Dvvxpswlrq 41
Wkhruhp 47 Vxssrvh wkdw Dvvxpswlrqv 4  6 dqg 8 krog1 Wkhq/ dv +q>W $ 4,
zlwk ?A $ 3> s
q





zkhuh Y	Snn +f, dqg $ +f, duh ghqhg lq +63, dqg +59, > uhvshfwlyho|1
84
Surri






































, Q +3>Y	Snn +f,, dv +W>q $ 4,=

















































































@ rR +4, dv +W>q $ 4,=





















































@ rR +4, >


















RR +4, $R 3 +:;,
e| +:7, > +::, > dqg wkh frqglwlrq lq Dvvxpswlrq 8 wkdw ?g
2
A $ 3= Lq wkh vdph idvklrq/

























































































h |A  ho @ 4
W
R +4, >





































































@ rR +4, =





Eo3rSk+u> v,gvgu= Xvlqj wkh ghfrp0




















































































































iUc|3kA +w> v,xcr .Uc|3kA +w> v, +%cr3  %cr,
.F{c|3kA +w> v, +%cr3  %cr,j =
86
Wkh uvw olqh krogv ehfdxvh H
 I? S?' A |cf%c
 @ I?A RR +4, dqg wkh vhfrqg olqh
















A RR +4, =

































































































































































































































q +$2A +f, $2+f,, >
zkhuh












































SkA +w> s, =
AIurp vxs$|$A vxsE|3*A$o$|*A





h |A  ho @ 4
W
R +4, >





= Wkxv/ vlqfh lw lv dvvxphg ?
S?
' $  dqg
?












@ r +4, =



























































































































































































































































































































































$2A +f,= Wkh TcA duh
llg zlwk phdq }hur dqg yduldqfh yA = Dovr/ zh nqrz wkdw





dqg lw lv qrw gl!fxow wr yhuli| wkdw
H +TcA ,









zh yhuli| frqglwlrqv +l,/ +ll,/ dqg +ly, ri Wkhruhp ;1 Dovr/ frqglwlrq +lll, lv vdwlvhg e|
dsso|lqj Uhpdun+d, iroorzlqj Fruroodu| : +vhh dovr wkhruhp 817 ri Eloolqjvoh|/ 4<9;,
zlwk T2cA , T2 +e| wkh frqwlqxrxv pdsslqj wkhruhp, dqg H +TcA ,2 $ H +T,2 =














dqg zh kdyh doo wkh uhtxluhg uhvxowv1 
Wkhruhp 48 Vxssrvh Dvvxpswlrqv 4/ 5/ 6/ dqg 8 krog1 Wkhq/ dv +q>W $ 4, zlwk
?
A $ 3> s
q

afn  I +f, , Q +3>Y	Sn +f,, >












dqg Y +f, lv ghqhg lq wkh suh0
ylrxv vhfwlrq1
Surri
Wkh surri lv hqwluho| dqdorjrxv wr wkdw ri Wkhruhp 471 Zh vlpso| vnhwfk wkh
surri khuh1 Wr hvwdeolvk wkh mrlqw olplw glvwulexwlrq ri afn lw lv hqrxjk wr vkrz wkdw





















































E| dsso|lqj vlplodu dujxphqwv wr wkrvh lq wkh surri ri wkhruhp 47 zh fdq vkrz wkdw











































































































@ L_ . LL_=
8:
Lq pxfk wkh vdph idvklrq iru wkh Vwhs 5 lq wkh surri ri Wkhruhp 46> zh fdq vkrz
wkdw LL_ $ 3 dv +W>q $ 4, = Wkxv/ wr frpsohwh wkh surri lw uhpdlqv wr vkrz wkdw
L_ , Q +3>Y	Sn +f,, > iru zklfk zh xvh Ohppd ;1 Frqglwlrqv +d, dqg +e, duh reylrxv1
Dovr/ diwhu vrph whglrxv dojheud vlplodu wr wkh ghulydwlrq ri +;4, lq wkh surri ri






 $ Y	Sn +f, >
zklfk lv hqrxjk e| Uhpdun 91514+d, wr dvvhuw wkdw frqglwlrqv +f, dqg +g, duh vdwlvhg1

Surri ri wkh Mrlqw Zhdn Frqyhujhqfh ri wr|@|
Iru wkh mrlqw olplw ri wr|@| wr Q +3> 4, > lq ylhz ri wkh mrlqw dv|pswrwlf qrupdolw|




























































@ rR +4, > lw lv hqrxjk




a  @ rR +4, =
Ohw ac0c0 eh d nhuqho hvwlpdwru iru  xvlqj wkh xqnqrzq huuruv %c|> ghqhg lq dq
























































R +4, > +;6,




ac00  @ rR +4, =















































%c| +a%c|n  %c|n,
 > +;7,
zkhuh wkh vxppdwlrqv ryhu w vdwlvi| 4  w> w.m  W= Wkhq/ iroorzlqj wkh vdph olqhv dv

















RR +4, @ rR +4, =









a  @ rR +4, = 
Uhihuhqfhv
^4` Dqguhzv/ G1Z1N1 +4<<4,= Khwhurvnhgdvwlflw| dqg Dxwrfruuhodwlrq Frqvlvwhqw
Fryduldqfh Pdwul{ Hvwlpdwlrq/ Hfrqrphwulfd/ 8</ ;4:0;8;1
^5` Eloolqjvoh|/ S1 +4<9;,= Frqyhujhqfh ri Suredelolw| Phdvxuhv/ Qhz \run/ Zloh|1
^6` Fdqmhov/ H1 dqg P1 Zdwvrq +4<<:,= Hvwlpdwlqj Ghwhuplqlvwlf Wuhqgv lq Suhvhqfh
ri Vhuldoo| Fruuhodwhg Huuruv/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :</ 4;705331
^7` Fdydqdjk/ F1/ J1 Hoolrww/ dqg M1K1 Vwrfn +4<<8,= Lqihuhqfh lq Prghov zlwk Qhduo|
Lqwhjudwhg Uhjuhvvruv/ Hfrqrphwulf Wkhru|/ 44/ 44640447:1
^8` Hoolrww/ J1/ W1M1 Urwkhqehuj/ dqg M1K1 Vwrfn +4<<9,= H!flhqw Whvwv ri dq Dx0
wruhjuhvvlyh Xqlw Urrw/ Hfrqrphwulfd/ 97/ ;460;691
^9` Kdqqdq/ H1 +4<:3,= Pxowlsoh Wlph Vhulhv/ Qhz \run/ Zloh|1
8<
^:` Prrq/ K1U1 dqg S1F1E1 Skloolsv +4<<<d,= Hvwlpdwlrq ri Dxwruhjuhvvlyh Urrwv
qhdu Xqlw| xvlqj Sdqho Gdwd/ Zrunlqj Sdshu lq Hfrqrplfv &40<</ Xqlyhuvlw| ri
Fdoliruqld/ Vdqwd Eduedud1
^;` Prrq/ K1U1 dqg S1F1E1 Skloolsv +4<<<e,= Pd{lpxp Olnholkrrg Hvwlpdwlrq ri
Dxwruhjuhvvlyh Urrw Qhdu Xqlw| zlwk Sdqho Gdwd/ Plphr1
^<` Skloolsv/ S1F1E1 +4<;:d,= Wlph Vhulhv Uhjuhvvlrq zlwk d Xqlw Urrw/ Hfrqrphw0
ulfd/ 88/ 5::06341
^43` Skloolsv/ S1F1E1 +4<;:e,= Wrzdugv d Xqlhg Dv|pswrwlf Wkhru| iru Dxwruhjuhv0
vlrq/ Elrphwulnd/ :7/ 868087:1
^44` Skloolsv/ S1F1E1 dqg F1 Ohh +4<<9,= H!flhqf| Jdlqv iurp Txdvl0Glhuhqflqj
xqghu Qrqvwdwlrqdulw|/ lq S1P1 Urelqvrq dqg P1 Urvhqeodww +hgv1,/ Dwkhqv Frq0
ihuhqfh ri Dssolhg Suredelolw| dqg Wlph Vhulhv= Yroxph LL Wlph Vhulhv Dqdo|vlv
lq Phpru| ri H1 M1 Kdqqdq1 Qhz \run/ Vsulqjhu0Yhuodj1
^45` Skloolsv/ S1F1E1 dqg K1U1 Prrq +4<<;,= Qrqvwdwlrqdu| Sdqho Gdwd Dqdo|vlv= Dq
Ryhuylhz ri Vrph Uhfhqw Ghyhorsphqwv/ Zrunlqj Sdshu lq Hfrqrplfv &4:<;/
Xqlyhuvlw| ri Fdoliruqld/ Vdqwd Eduedud1
^46` Skloolsv/ S1F1E1 dqg K1U1 Prrq +4<<<,= Olqhdu Uhjuhvvlrq Olplw Wkhru| iru
Qrqvwdwlrqdu| Sdqho Gdwd/ iruwkfrplqj lq Hfrqrphwulfd1
^47` Skloolsv/ S1 F1 E1/ K1 U1 Prrq dqg ]1 [ldr +4<<;,= Krz wr Hvwlpdwh Dxwruh0
juhvvlyh Urrwv Qhdu Xqlw|/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 44<41
^48` Skloolsv/ S1F1E1 dqg Y1 Vror +4<<5,= Dv|pswrwlfv iru Olqhdu Surfhvvhv/ Dqqdov
ri Vwdwlvwlfv/ 53/ <:4043341
^49` Vdlg/ H1 dqg G1 Glfnh| +4<;7,= Whvwlqj iru Xqlw Urrwv lq Dxwruhjuhvvlyh0Prylqj
Dyhudjh Prghov ri Xqnqrzq Rughu/ Elrphwulnd/ :4/ 8<<093:1
^4:` Vwrfn/ M1K1+4<<4,= Frqghqfh Lqwhuydov iru wkh Odujhvw Dxwruhjuhvvlyh Urrw lq
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